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Abstract. We prove that any two critical circle maps with the same 
irrational rotation number of bounded type and the same odd criticality are 
conjugate to each other by a C^"*"" circle diffeomorphism, for some universal 
a > 0. 



1. Introduction 

In the theory of real one-dimensional dynamics there exist many levels of equiva- 
lence between two systems: combinatorial, topological, quasi-symmetric and smooth 
equivalence are major examples. 

In the circle case, a classical result of Poincare [40, Chapter 1, Theorem 1.1] 
states that circle homeomorphisms with the same irrational rotation number are 
combinatorially equivalent: for each G N the first n elements of an orbit are 
ordered in the same way for any homeomorphism with a given rotation number. 
This implies that circle homeomorphisms with irrational rotation number are semi- 
conjugate to the corresponding rigid rotation and, therefore, they admit a unique 
invariant Borel probability measure. 

By Denjoy's theorem [7], any two circle diffeomorphisms with the same ir- 
rational rotation number are conjugate to each other by a homeomorphism 
(actually we just need maps such that the logarithm of the modulus of the 
derivative has bounded variation). This implies that diffeomorphisms with ir- 
rational rotation number are minimal, and therefore, the support of its unique 
invariant probability measure is the whole circle. 

By a fundamental result of Herman [19], improved by Yoccoz [54], any two C^+^ 
circle diffeomorphisms whose common rotation number p satisfies the Diophantine 
condition: 

(1.1) 



P 

P- - 



for some 5 e [0, 1) and C > 0, and for every positive coprime integers p and q, are 
conjugate to each other by a circle diffeomorphism. More precisely, iiO<S<e<l 
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and e — 5 ^ \, any such diffeomorphism is conjugate to the corresponding rigid ro- 
tation by a (7!+^-* diffeomorphism [25]. This imphes that its invariant probabiHty 
measure is absohitely continuous with respect to Lebesgue, with Holder continuous 
density with exponent e ~ 5. Moreover, any two C°° circle diffeomorphisms with 
the same Diophantine rotation number are C°°-conjugate to each other, and real- 
analytic diffeomorphisms with the same Diophantine rotation number are conjugate 
to each other by a real-analytic diffeomorphism [40, Chapter I, Section 3]. 

These are examples of rigidity results: lower regularity of conjugacy implies 
higher regularity under certain conditions. 

Since rigidity is totally understood in the setting of circle diffeomorphisms we 
continue in this article the study of rigidity problems for critical circle maps devel- 
oped by de Faria, de Melo, Yampolsky, Khanin and Teplinsky among others. 

By a critical circle map we mean an orientation preserving circle homeomor- 
phism with exactly one non-flat critical point of odd type (for simplicity, and for 
being the generic case, we will assume in this article that the critical point is of 
cubic type). As usual, a critical point c is called non-flat if in a neighbourhood 
of c the map / can be written as f[t) = ±\<j){t)\ + /(c), where (j) \s a. local 
diffeomorphism with 0(c) = 0, and d G N with d > 2. The criticality or type of the 
critical point c is d. 

Classical examples of critical circle maps are obtained from the two-parameter 
family fa.t : C — > C of entire maps in the complex plane: 



(1.2) /a,6(z) = z-l-a- j sin(27rz) for a e [0, 1) and 6 > 0. 

Since each fa^b commutes with unitary horizontal translation, it is the lift of a 
holomorphic map of the punctured plane fa^b ■ C\{0} C\{0} via the holomorphic 
universal cover z 1— >■ e^'^*^. Since fa,b preserves the real axis, fa.b preserves the unit 
circle = {z ^ C : \z\ = 1^ and therefore induces a two-parameter family of real- 
analytic maps of the unit circle. This classical family was introduced by Arnold in 
[3], and is called the Arnold family. 

For 6 = the family fa.b : ^ is the family of rigid rotations z 1— e^'^'^z, 
and for b e (0, 1) the family is still contained in the space of real-analytic circle 
diffeomorphisms . 

For b = 1 each fa^b still restricts to an increasing real-analytic homeomorphism 
of the real line, that projects to an orientation-preserving real-analytic circle home- 
omorphism, presenting one critical point of cubic type at 1, the projection of the 
integers. Denote by p{a) the rotation number of the circle homeomorphism /a,i. 
It is well-known that a i— > p{a) is continuous, non-decreasing, maps [0, 1) onto 
itself and is such that the interval p~^{9) C [0,1) degenerates to a point when- 
ever 9 e [0, 1) \ Q (see [19]). Moreover the set {a £ [0, 1) : p{a) G M \ Q} has zero 
Lebesgue measure, see [49]. For < p < q coprime integers we know that 
is always a non-degenerate closed interval. In the interior of this interval we find 
critical circle maps with two periodic orbits (of period q), one attracting and one 
repelling, which collapse to a single parabolic orbit in the boundary of the interval, 
see [9]. 

For b > 1 the maps fa,b ■ ^ are not invertible any more (they present two 
critical points of even degree). These examples show how critical circle maps arise 
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as bifurcations from circle diffeomorphisms to cndomorphisms, and in particular, 
from zero to positive topological entropy (compare with infinitely renormalizable 
unimodal maps [40, Chapter VI]). This is one of the main reasons why critical 
circle maps attracted the attention of physicists and mathematicians interested in 
understanding the boundary of chaos ([8], [14], [21], [28], [29], [32] [33], [41], [44], 
[45], [46], [47]). 

Another important class of critical circle maps is provided by the one-parameter 
family : C — )• C of Blaschke products in the complex plane: 

(1.3) ^''(^^ = (r^) 

Every map in this family leaves invariant the unit circle (Blaschke products are 
the rational maps leaving invariant the unit circle), and its restriction to is a 
real- analytic homeomorphism with a unique critical point at 1, which is of cubic 
type (see Figure 1). Furthermore, for each irrational number 9 in [0, 1) there exists 
a unique 7 in [0, 1) such that the rotation number of fj\s^ is 0. With this family 
at hand, the developments on rigidity of critical circle maps were very useful in the 
study of local connectivity and Lebesgue measure of Julia sets associated to generic 
quadratic polynomials with Siegel disks ([42], [36], [50], [43]). 




Figure 1. Topological behaviour of the Blaschke product (1-3) 
around the unit circle, for 7 approximately equal to 1/8. At the 
left of Figure 1 we see the preimage under fj of the annulus around 
the unit circle drawn at the right (in both planes, the unit circle 
is dashed). The complement of the annulus AU B in the complex 
plane has two connected components, C and D. The preimage of C 
is the union C'UC", where the notation C means that f-y : C ^ C 
has topological degree 1 (equivalently : C" ^ C has topological 
degree 2). In the same way, the preimage of D is the union D'UD" , 
the preimage of i? is i?^ U ^2 U B'^ and the preimage of A is A'" . 

Since our goal is to study smoothness of conjugacies we will focus on critical circle 
maps without periodic orbits, that is, the ones with irrational rotation number. In 
[55] Yoccoz proved that the rotation number is the unique invariant of the topolog- 
ical classes. More precisely, any orientation preserving circle homeomorphism 
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presenting only non-flat critical points (maybe more than one) and with irrational 
rotation number is topologically conjugate to the corresponding rigid rotation. 

From the topological rigidity we get that any critical circle map with irrational 
rotation number is minimal and therefore the support of its unique invariant Borel 
probability measure is the whole circle. However let us point out that this invariant 
measure is always singular with respect to Lebesgue measure (see [23, Theorem 4, 
page 182] or [16, Proposition 1, page 219]). We remark also that the condition 
of non-flatness on the critical points cannot be removed: in [18] Hall was able to 
construct C°° homcomorphisms of the circle with no periodic points and no dense 
orbits. 

Recall that an irrational number is of bounded type if it satisfies the Diophantine 
condition (1.1) for 6 = 0, that is, 6 in [0, 1] is of bounded type if there exists C > 
such that: 

"-^ >-^,. 

q 

for any integers p and q 0. On one hand this is a respectable class: the set of 
numbers of bounded type is dense in [0, 1], with HausdorfF dimension equal to one. 
On the other hand, from the metrical viewpoint, this is a rather restricted class: 
while Diophantine numbers have full Lebesgue measure in [0, 1], the set of numbers 
of bounded type has zero Lebesgue measure. 

Since a critical circle map cannot be smoothly conjugate to a rigid rotation, in 
order to study smooth-rigidity problems we must restrict to the class of critical circle 
maps. Numerical observations ([14], [41], [47]) suggested in the early eighties that 
smooth critical circle maps with rotation number of bounded type are geometrically 
rigid. This was posed as a conjecture in several works by Lanford ([28], [29]), Rand 
([44], [45] and [46], see also [41]) and Shenker ([47], see also [14]) among others: 

Rigidity Conjecture. Any two C'^ critical circle maps with the same irrational 
rotation number of bounded type and the same odd criticality are conjugate to each 
other by a C^+" circle dijfeomorphism, for some a > 0. 

The conjecture has been proved by de Faria and de Melo for real-analytic critical 
circle maps [13] and nowadays (after the work of Yampolsky, Khanin and Teplinsky) 
it is understood without any assumption on the irrational rotation number: inside 
each topological class of real-analytic critical circle maps the degree of the critical 
point is the unique invariant of the C^-conjugacy classes. In the following result 
we summarize many contributions of the authors quoted above: 

Theorem A (de Faria-de Melo, Khmelev- Yampolsky, Khanin- Teplinsky). Let f 

and g be two real- analytic circle homcomorphisms with the same irrational rotation 
number and with a unique critical point of the same odd type. Let h be the conjugacy 
between f and g (given by Yoccoz's result) that maps the critical point of f to the 
critical point of g (note that this determines h). Then: 

(1) h is a diffeomorphism. 

(2) h is C^'^" at the critical point of f for a universal a > 0. 

(3) For a full Lebesgue measure set of rotation numbers (that contains all 
bounded type numbers) h is globally C^'^" . 

On one hand, the presence of the critical point gives us more rigidity than in the 
case of diffeomorphisms: smooth conjugacy is obtained for all irrational rotation 
numbers, with no Diophantine conditions. On the other hand, there exist examples 
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([4], [12]) showing that h may not be globaUy C^+" in general, even for real-analytic 
dynamics. 

Item (1) of Theorem A was proved by Khanin and Teplinsky in [24], building 
on earlier work of de Faria, de Melo and Yampolsky ([10], [11], [12], [13], [50], [51], 
[52], [53]). Item (2) was proved in [27] and Item (3) is obtained combining [12] with 
[53]. The proof of Theorem A relies on methods coming from complex analysis 
and complex dynamics ([35], [37]), and that is why rigidity is well understood for 
real-analytic critical circle maps, but nothing was known yet for smooth ones (even 
in the C°° setting). In this article we take the final step and solve positively the 
Rigidity Conjecture: 

Theorem B (Main result). Any two critical circle maps with the same irra- 
tional rotation number of hounded type and the same odd criticality are conjugate 
to each other by a C^'^"' circle diffeomorphism, for some universal a > 0. 

The novelties of this article in order to transfer rigidity from real-analytic dy- 
namics to (finitely) smooth ones are two: the first one is a hidimensional version of 
the glueing procedure (first introduced by Lanford [28], [29]) developed in Section 7, 
and the second one is the notion of asymptotically holomorphic maps, to be defined 
in Section 6 (Definition 6.3). Asymptotically holomorphic maps were already used 
in one-dimensional dynamics by Graczyk, Sands and Swisitek in [15], but as far as 
we know never for critical circle maps. 

Let us discuss the main ideas of the proof of Theorem B: a C'^ critical circle map 
/ with irrational rotation number generates a sequence {7^"(/) = (''7nj Cn)}„gpj 
of commuting pairs of interval maps, each one being the renormalization of the 
previous one (see Definition 3.4). To prove Theorem B we need to prove the expo- 
nential convergence of the orbits generated by two critical circle maps with a given 
combinatorics of bounded type (see Theorem 2.1). 

Our main task (see Theorem D in Section 4) is to show the existence of a sequence 
{/n = (^ni?")}„gN ^^^^ belongs to a universal C"^-compact set of real-analytic 
critical commuting pairs, such that TZ^''{f) is C'^-exponentially close to /„ at a 
universal rate, and both have the same rotation number. In Section 4, using the 
exponential contraction of the renormalization operator on the space of real-analytic 
critical commuting pairs (see Theorem 2.3), we conclude the exponential contraction 
of the renormalization operator in the space of critical commuting pairs with 
bounded combinatorics (see Theorem C in Section 2), and therefore the C^"*"" 
rigidity as stated in Theorem B. 

To realize the main task we extend the initial commuting pair to a pair of C'^ 
maps in an open complex neighbourhood of each original interval (the so-called 
extended lift, see Definition 6.5), that are asymptotically holomorphic (see Definition 
6.3), each having a unique cubic critical point at the origin. 

Using the real bounds (see Theorem 3.1), the Almost Schwarz inclusion (see 
Proposition 6.7) and the asymptotic holomorphic property we prove that for all n e 
N, greater or equal than some hq, both ?7„ and ^„ extend to a definite neighbourhood 
of their interval domains in the complex plane, giving rise to maps with a unique 
cubic critical point at the origin, and with exponentially small conformal distortion 
(see Theorem 6.1). Theorem 6.1 gives us also some geometric control that will 
imply the desired compactness (we wont study the dynamics of these extensions, 
just their geometric behaviour). 
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Using Alilfors-Bers theorem (see Proposition 5.5) we construct for each n > uq 
a difFeomorphism exponentiaUy close to the identity in definite domains 
around the dynamical intervals, that conjugates (?7„, to a critical commuting 
pair {rjn, ^n) exponentially close to (r7„ ,£,n), and such that fj^^o^^ is an holomorphic 
diffeomorphism between complex neighbourhoods of the endpoints of the union of 
the dynamical intervals (see Subsection 7.1). Using this holomorphic diffeomor- 
phism to glue the ends of a band around the union of the dynamical intervals we 
obtain a Riemann surface conformally equivalent to a rounds annulus Af;^ around 
the unit circle. This identification gives rise to a holomorphic local diffeomorphism 
Pn mapping the band onto the annulus and such that, via Pn, the pair (fjm^n) 
induces a map G„ from an annulus in Aji^ to An^^ , having exponentially small 
conformal distortion, that restricts to a critical circle map on (see Proposition 
7.7). The commuting condition of each pair {rjn,£,n) is equivalent to the continuity 
of the corresponding G„, and that is why we project to the annulus A^^. The topo- 
logical behaviour of each G„ on its annular domain is the same as the restriction 
of the Blaschke product (1.3) to the annulus A'" U B[, as depicted in Figure 1. 

Using again Ahlfors-Bers theorem we construct a holomorphic map on a 
smaller but definite annulus around the unit circle, that is exponentially close to 
Gn and restricts to a real-analytic critical circle map with the same combinatorics 
as the restriction of Gn to 5'^ (see Proposition 7.8 for much more properties). 

Finally, using the projection P„, we lift each iJ„ to a real-analytic critical com- 
muting pair /„ = {rjn,Cn) exponentially close to (jjn,S.n), having the same combi- 
natorics and with complex extensions C^-exponentially close to the ones of ??."(/) 
produced in Theorem 6.1 (see Proposition 7.17). Compactness follows then from 
the geometric properties obtained in Theorem 6.1 (see Lemma 7.18). 

The organization of this article is the following: in Section 2 we reduce Theorem 
B to Theorem C, which states the exponential convergence of the renormalization 
orbits of G^ critical circle maps with the same bounded combinatorics. In Section 3 
we introduce the renormalization operator in the space of critical commuting pairs, 
and review its basic properties. In Section 4 we reduce Theorem C to Theorem 
D, which states the existence of a C"-compact piece of real-analytic critical com- 
muting pairs such that for a given G^ critical circle map /, with any irrational 
rotation number, there exists a sequence contained in that compact piece, 

such that ??."(/) is C°-exponentially close to /„ at a universal rate, and both have 
the same rotation number. In Section 5 we state a corollary of Ahlfors-Bers theo- 
rem (Proposition 5.5) that will be fundamental in Section 7 (its proof will be given 
in Appendix B). In Section 6 we construct the extended lift of a G^ critical circle 
map (see Definition 6.5), and then we state and prove Theorem 6.1 as described 
above. In Section 7 we develop a bidimensional glueing procedure in order to prove 
Theorem D. Finally in Section 8 we review further questions and open problems in 
the area. 



2. A FIRST REDUCTION OF THE MAIN RESULT 

As in the case of unimodal maps, the main tool in order to obtain smooth 
conjugacy between critical circle maps is the use of renormalization group methods 
[38]. As it was already clear in the early eighties ([14], [41]) it is convenient to 
construct a renormalization operator TZ (see Definition 3.4) acting not on the space 
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of critical circle maps but on a suitable space of critical commuting pairs (see 
Definition 3.2). 

Just as in the case of unimodal maps (see for instance [40, Chapter VI, Theorem 
9.4]), the principle that exponential convergence of the renormalization operator is 
equivalent to smooth conjugacy also holds for critical circle maps. The following 
result is due to de Faria and de Melo [12, First Main Theorem, page 341]. For any 
< r < oo denote by d^. the C" metric in the space of critical commuting pairs (see 
Definition 3.3): 

Theorem 2.1 (de Faria-de Melo 1999). There exists a set A in [0, 1], having full 
Lebesgue measure and containing all irrational numbers of bounded type, for which 
the following holds: let f and g be two critical circle maps with the same irra- 
tional rotation number in the set A and with the same odd type at the critical point. 
If do(TZ"{f),TZ"'{g)) converge to zero exponentially fast when n goes to infinity, 
then f and g are C^^" conjugate to each other for some a > 0. 

Roughly speaking, the full Lebesgue measure set A is composed by irrational 
numbers in [0, 1] whose coefficients in the continued fraction expansion may be 
unbounded, but their growth is less than quadratic (see Section 8 or [12, Appendix 
C] for the precise definition). In sharp contrast with the case of diffeomorphisms, let 
us point out that A does not contain all Diophantine numbers, and contains some 
Liouville numbers (again see Section 8). The remaining cases were more recently 
solved by Khanin and Teplinsky [24, Theorem 2, page 198]: 

Theorem 2.2 (Khanin- Teplinsky 2007). Let f and g be two critical circle maps 
with the same irrational rotation number and the same odd type at the critical point. 
If d2(TZ^{f),TZ^{g)) converge to zero exponentially fast when n goes to infinity, then 
f and g are -conjugate to each other. 

To obtain the smooth conjugacy (Item (1) of Theorem A), Khanin and Teplinsky 
combined Theorem 2.2 with the following fundamental resut: 

Theorem 2.3 (de Faria-de Melo 2000, Yampolsky 2003). There exists a universal 
constant X in (0, 1) with the following property: given two real-analytic critical 
commuting pairs Ci o-nd C,i with the same irrational rotation number and the same 
odd type at the critical point, there exists a constant C > such that: 

d,(7^"(Cl),7^"(C2)) <CA" 

for all n N and for any < r < oo. Moreover given a -compact set K, of 
real-analytic critical commuting pairs, the constant C can be chosen the same for 
any C,i and C,2 in IC. 

Theorem 2.3 was proved by de Faria and de Melo [13] for rotation numbers 
of bounded type, and extended by Yampolsky [53] to cover all irrational rotation 
numbers. 

With Theorem 2.1 at hand, our main result (Theorem B) reduces to the following 
one: 

Theorem C. There exists A G (0, 1) such that given f and g two critical 
circle maps with the same irrational rotation number of bounded type and the same 
criticality, there exists C > such that for all n S N.' 

c^o(7^"(/),7^"(ff)) <CA", 
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where do is the C distance in the space of critical commuting pairs. 

This article is devoted to proving Theorem C. Of course it would be desirable to 
obtain Theorem C for critical circle maps with any irrational rotation number, 
but we have not been able to do this yet (see Section 8 for more comments). 

Let us fix some notation that we will use along this article: N, Z, Q, M and C 
denotes respectively the set of natural, integer, rational, real and complex numbers. 
The real part of a complex number z will be denoted by 3?(2;), and its imaginary 
part by ^(z). B{z,r) denotes the Euclidean open ball of radius r > around a 
complex number z. M and C denotes respectively the upper-half plane and the 
Riemann sphere. D = -8(0, 1) denotes the unit disk in the complex plane, and 
5'^ = 9D denotes its boundary, that is, the unit circle. DifFi]_(S'-'^) denotes the group 
(under composition) of orientation- preserving diffeomorphisms of the unit circle. 
Leb(A) denotes the Lebesgue measure of a Borel set A in the plane, and diam(yl) 
denotes its Euclidean diameter. Given a bounded interval / in the real line we 
denote its Euclidean length by |/|. Moreover, for any a > 0, let: 

iV„(/) = {z e C : d{z,I) < 

where d denotes the Euclidean distance in the complex plane. 



3. Renormalization of critical commuting pairs 

In this section we define the space of critical commuting pairs (Definition 3.2), 
and we endow it with the metric (Definition 3.3). This metric space, which is 
neither compact nor locally-compact, contains the phase space of the renormaliza- 
tion operator (Definition 3.4). Each critical circle map with irrational rotation 
number gives rise to an infinite renormalization orbit in this phase space, and the 
asymptotic behaviour of these orbits is the subject of this article. 

We remark that, since there is no canonical differentiable structure (like a Banach 
manifold structure) in the space of critical commuting pairs endowed with the 
metric, we cannot apply the standard machinery from hyperbolic dynamics (see 
for instance [22, Chapters 6, 18 and 19]) in order to obtain exponential convergence 
as stated in Theorem C. 

As we said in the introduction, a critical circle map is an orientation-preserving 
circle homeomorphism /, with exactly one critical point c S 5'^ of odd type. 
For simplicity, and for being the generic case, we will assume in this article that the 
critical point is of cubic type. Suppose that the rotation number p{f) = 9 in [0, 1) 
is irrational, and let [oq, ai, a„, a„+i, ...] be its continued fraction expansion: 

9= lim ^ 

oo H 1 

ai H J — 

0-2 H — 

an 

We define recursively the return times of 9 by: 

go = 1, <7i = oo and g„+i = a„g„ + for n>l. 
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Recall that the numbers qn are also obtained as the denominators of the trun- 
cated expansion of order n of 9: 

Pn , 1 1 

— [aOj flli ^2, On-lJ — 1 



ai H 

a2 + 



Let Rg be the rigid rotation of angle 2Tr9 in the unit circle. The arithmetical 
properties of the continued fraction expansion imply that the iterates {^g"(c)}„gN 
are the closest returns of the orbit of c under the rotation Rg: 

d{c,Rf{c)) < d{c,Rl{c)) for any j e {l,...,g„- 1} 

where d denote the standard distance in S^. The sequence of return times {qn} 
increase at least exponentially fast as n — > oo, and the sequence of return distances 
{(i(c, (c))} decrease to zero at least exponentially fast as n — oo. Moreover the 
sequence {i?g"(c)}„gN approach the point c alternating the order: 

Rl'{c) < Rf{c) < ... < RT^'{c) < ... < c < ... < Rf-ic) < ... < Rf{c) < R^^c) 

By Poincare's result quoted at the beginning of the introduction, this information 
remains true at the combinatorial level for /: for any n G N the interval [c, /''"(c)] 
contains no other iterates /■'(c) for j £ {1, ...,(/„ — 1}, and if we denote by the 
unique invariant Borel probability of / we can say that /i([c, /^" (c)]) < /i([c, /-' (c)]) 
for any j'g{l,...,g„ — 1}. A priori we cannot say anything about the usual distance 
in S\ 

We say that p{f) is of bounded type if there exists a constant M e N such that 
a„ < M for any n £ N (it is not difficult to see that this definition is equivalent 
with the one given in the introduction, see [26, Chapter II, Theorem 23]). As we 
said in the introduction, the set of numbers of bounded type has zero Lebesgue 
measure in [0, 1]. 

3.1. Dynamical partitions. Denote by /„ the interval [c, /*"(c)] and define Vn 
as: 

Vn^{lnJ{In),...J''" + '-\ln)}\J{ln+lJ{In+l),...J''"-\ln+l)} 

A crucial combinatorial fact is that Vn is a partition (modulo boundary points) 
of the circle for every n € N. We call it the n-th dynamical partition of / associated 
with the point c. Note that the partition Vn is determined by the piece of orbit: 

(c):0<j<<z„ + g„+i-l} 

The transitions from Vn to Vn+i can be described in the following easy way: the 
interval /„ = [c, /'"(c)] is subdivided by the points /J9"+i+9"(c) with 1 < j < On+i 
into Qn+i + 1 subintervals. This sub-partition is spreaded by the iterates of / to all 
the f-' (In) — /"'([c, /'"(c)]) with < j < qn+i. The other elements of the partition 
Vn, which are the /^(/„+i) with < j < qn, remain unchanged. 

As we are working with critical circle maps, our partitions in this article are 
always determined by the critical orbit. A major result for critical circle maps is 
the following: 
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Theorem 3.1 (real bounds). There exists K > 1 such that given a critical 
circle map f with irrational rotation number there exists Uq = no(/) such that for 
all n > no and for every pair I, J of adjacent atoms of Vn we have: 

K-'\I\<\J\<K\I\- 
Moreover, if Df denotes the first derivative of f , we have: 

1 





-^{x)\ 


\Dfi- 





\Dfi- 









— TTTT^ — rrrr — ^ '^^^ 2;, y G f{In+i) arid for all n > uq, and: 

— < I ^"'^^ rrrl — ^ ^ fi^n) o,nd for all n > Uq. 

Theorem 3.1 was proved by Swi§,tek and Herman (see [20], [49], [17] and [12]). 
The control on the distortion of the return maps follows from Koebe distortion 
principle (see [12, Section 3]). Note that for a rigid rotation we have = 
a„+i|/n+i| + |/„+2|. If On+i is big, then /„ is much larger than In+i- Thus, even 
for rigid rotations, real bounds do not hold in general. 

3.2. Critical commuting pairs. The first return map of the union of adjacent 
intervals J„ U In+i is given respectively by and . This pair of interval 

maps: 

motivates the following definition: 

Definition 3.2. A critical commuting pair C = (^7,0 consists of two smooth 
orientation-preserving interval homeomorphisms rj : I^i ^ vi^r/) and ^ : ~^ 
where: 

(1) J^ = [0,^(0)] and/^ = [7?(0),0]; 

(2) There exists a neighbourhood of the origin where both 77 and ^ have homeo- 
morphic extensions (with the same degree of smoothness) which commute, 
that is, 77 o ^ = ^ o r/; 

(3) (r?o^)(0) = (^or;)(0)^0; 

(4) r7'(0) = e'(0) = 0; 

(5) 77' (2;) 7^ for all x £ I^\ {0} and £,'{x) ^ for all x e \ {0}. 

Any critical circle map / with irrational rotation number d induces a sequence 
of critical commuting pair in a natural way: let / be the lift of / to the real line 
(for the canonical covering t ^ g^'^'*) satisfying /'(O) = and < /(O) < 1. For 
each n > 1 let J„ be the closed interval in the real line, adjacent to the origin, that 
projects to /„. Let T : K — ^ M be the translation x !—> a; + 1 and define 77 : /„ ^ M 
and ^ : /„+i M as: 

77 = T-^'-'+i o /«"+! and ^ = T-P- o /«" 

Then the pair {j]\y ■,^\f~^^ form a critical commuting pair that we denote by 

(/''"+M-fri:/'^"|/,i+i) to simplify notation. 

A converse of this construction was introduced by Lanford ([28], [29]) and it 
is known as glueing procedure: the map t;"^ o ^ is a diffeomorphism from a small 
neighbourhood of 7/(0) onto a neighbourhood of ^(0). Identifying 77(0) and §(0) in 
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this way we obtain from the interval [77(0), ^(0)] a smooth compact boundaryless 
one-dimensional manifold M . The discontinuous piecewise smooth map: 

7y(0),0) 

projects to a smooth homeoniorphism on the quotient manifold M. By choosing 
a diffeomorphism ip : AI we obtain a critical circle map in S^, just by 

conjugating with ^. Although there is no canonical choice for the diffeomorphism 
"0, any two different choices give rise to smoothly-conjugate critical circle maps in 
. Therefore any critical commuting pair induces a whole smooth conjugacy class 
of critical circle maps. In Section 7 we propose a bidimensional extension of this 
procedure, in order to prove our main result (Theorem B). 



fdt) = 



at) forte 
ri{t) for t g 




Figure 3. Scheme of a commuting pair. 
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dr(Cl,C2) 



,\\Ai o Ci o - A2 o C2 o A^^W^^ 



3.3. The C metric. We endow the space of critical commuting pairs with the 
metric. Given two critical commuting pairs Ci = (vi^^i) ^i^d C2 = ('72:^2) let 

Ai and A2 be the Mobius transformations such that for i = 1, 2: 

A:(r/.(0)) = -1, A,{0) = and A, (6(0)) = 1 . 

Definition 3.3. For any < r < 00 define the C' metric on the space of C 
critical commuting pairs in the following way: 

6(0) 6(0) 
^i(o) ^2(0) 

where |j • ||r is the C-norm for maps in [—1, 1] with one discontinuity at the origin, 
and Ci is the piecewise map defined by rji and 

Ci ■■ I^. U /,,^ I^. U /,,^ such that Ci|/«, = 6 and = rji 

Note that dr is a pseudo-metric since it is invariant under conjugacy by homo- 
theties: if a is a positive real number, Ha{t) — at and Ci — o C2 ° then 
dr(CiiC2) = 0. In order to have a metric we need to restrict to normalized critical 
commuting pairs: for a commuting pair C, = {ri,Ct denote by Q the pair {rj\j ,CI/j) 
where tilde means rescaling by the linear factor A = Note that |/^| = 1 and 
/,j has length equal to the ratio between the lengths of and /j. Equivalently 

^y(0) = -lande(0) = ^=60)/h(0)|. 

When we are dealing with real-analytic critical commuting pairs, we consider 
the C"^-topology defined in the usual way: we say that (?7n,Cn) ~^ iViO if there 
exist two open sets D and D in the complex plane and uq € N such 
that 77 and ij^ for n > hq extend continuously to U^j, are holomorphic in Ujj and we 
have ?7n — L^o/Tt"^ ^ 0; and such that ^ and ^„ for n > uq extend continuously 
to U^, are holomorphic in and we have ||6i — ?||f;o((7j) ~^ 0- We say that a set 
C of real-analytic critical commuting pairs is closed if every time we have {Cn} C C 
and {Cn} Ci we have ( E C. This defines a Hausdorff topology, stronger than the 
C""-topology for any < r < 00. 

3.4. The renormalization operator. Let ( ~ {rj, ^) be a critical commuting 
pair according to Definition 3.2, and recall that (77 o ^)(0) = (^ o 77) (0) 7^ 0. Let 
us suppose that (^ o 77) (0) S (just as in both Figure 2 and Figure 3 above) and 
define the height xiC) of the commuting pair C = (77, ^ as r if: 

^'■+^(60)) <0< 7,^(60)) 

and xiC) = 00 if no such r exists (note that in this case the map 77!/^^ has a fixed 
point, so when we are dealing with commuting pairs induced by critical circle maps 
with irrational rotation number we have finite height). Note also that the height 
of the pair (/''"+H/,ii Z"^" induced by a critical circle maps / is exactly a„+i, 

where p{f) = [ag, ai, 02, a„, a„+i, ...] (because the combinatorics of / are the 
same as for the rigid rotation i?p(^)). 

For a pair C = (77, ^) with (^ o ifj (0) € and x(C) — r < 00 we see that the pair: 

{v\[o,,r(Am],v'' °^\h) 

is again a commuting pair, and if C = iVi C) is induced by a critical circle map: 

C = (^,0 = (/''"+M/„,/'"'lw) 
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we have that: 

(^/i[o,.r(«(o))],^''°ei/,) = (r"+M/„+.,/^''+iw) 

This motivates the foUowing definition (the definition in the case o rfj (0) G 
is analogue): 

Definition 3.4. Let C = {VtO be a critical commuting pair with o 77) (0) G 
We say that ^ is renormalizable if x(C) — r < 00. In this case we define the 
renormalization of ^ as the critical commuting pair: 

A critical commuting pair is a special case of a generalized interval exchange 
map of two intervals, and the renormalization operator defined above is just the 
restriction of the Zorich accelerated version of the Rauzy- Veech renormalization for 
interval exchange maps (see for instance [56]). However we will keep in this article 
the classical terminology for critical commuting pairs. 











i 




1 y 






+ 2 / 














/.n+l(0) 


^1 ^ 




/ /9"+i+""(0) 

















Figure 4. Two consecutive renormalizations of /, without rescal- 
ing (recall that means T'^*" o /'"). In this example a„+i ~ 4. 

Definition 3.5. Let C be a critical commuting pair. If x(72."'(C)) < c« for j € 
{0, 1, ...,n — 1} we say that C is n-times renormalizable, and if x(7?.-' (C)) < 00 for all 
j € N we say that C is infinitely renormalizable. In this case the irrational number 
9 whose continued fraction expansion is equal to: 

[x(C),x(7^(C)),...,x(7^"(C)),x(7^"+'(C)),.•.] 

is called the rotation number of the critical commuting pair ^, and denoted by 
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The rotation number of a critical commuting pair can also be defined with the 
help of the glueing procedure described above, just as the rotation number of any 
representative of the conjugacy class obtained after glueing and uniformizing. 

An immediate but very important remark is that when ( is induced by a critical 
circle map with irrational rotation number, the pair C is automatically infinitely 
renormalizable (and both notions of rotation number coincide): any critical 
circle map / with irrational rotation number gives rise to a well defined orbit 
{7?."(/)}^^^ of infinitely renormalizable critical commuting pairs defined by: 



for all n > 1. 



For any positive number 9 denote by [9\ the integer part of 9, that is, [^J £ N and 
[9\ <9 <[9\+l. Recall that the Gauss map G : [0, 1] [0, 1] is defined by: 



G{9) 



for 61 ^ and G(0) = , 



and note that p semi-conjugates the renormalization operator with the Gauss map: 

p(7e"(c))=G"(p(/)) 

for any C at least n-times renormalizable. In particular the renormalization operator 

acts as a left shift on the continued fraction expansion of the rotation number: if 
P{C) = [ao,ai,--] thenp(7^"(C)) = [a„, a„+i, ...]. 

3.5. Lipschitz continuity along the orbits. For K > 1 and r G {0. 1, oo,a;} 
denote by V^{K) the space of C critical commuting pairs (, = {rj^i) such that 
?7(0) = —1 (they are normalized) and ^(0) € [K~^,K\. Recall also that T denotes 
the translation i i— > t + 1 in the real line. Let Kq > 1 be the universal constant 
given by the real bounds. In the next section wc will use the following: 

Lemma 3.6. Given M > and K > Kq there exists L > 1 with the following 
property: let f be a critical circle map with irrational rotation number p{f) = 

[ao, Oi, ...] satisfying an < M for all n G N. There exists uq = ng^f) G N such that 
for anyn > hq and any renormalizable critical commuting pair = (??,$) satisfying: 

(1) cno^-p^K), 

(2) 

1 

AO 



(3) // (r-P"+i o /«"+!) (0) < < (T-P- o /9")(0) then: 



(T-P"o/9")(0) 



(r-P'.+i o/9"+i)(o) 



< 



1 



K+1 
K- 1 



Otherwise, if (T-P" o /«'')(0) < < (T-P"+i o /«"+i)(0), then: 



{T-Pn+l o/gn+l)(0) 



(T-fno/9n)(0) 



m 



< 



1 



K + 1 
K-l 



and 



(4) (7/o^)(0) and (T-p^+^-P" o /«''+i+9")(0) have the same sign. 
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then we have that: 

do (7^"+^(/),7^(c)) < i • do C) , 

where do the distance in the space of critical commuting pairs. 
We postpone the proof of Lemma 3.6 until Appendix A. 

4. Reduction of Theorem C 

In this section we reduce Theorem C to the foUowing: 

Theorem D. There exist a -compact set K, o J real- analytic critical commuting 
pairs and a constant A G (0,1) with the following property: given a critical 
circle map f with any irrational rotation number there exist C > and a sequence 
{/n}neN contained in JC such that: 

do(7^"(/),/„) <CA" forallneN, 

and such that the pair /„ has the same rotation number as the pair TZ^{f) for all 
n G N. 

Note that JC is C-compact for any < r < oo (see Section 3.3). Note also that 
Theorem D is true for any combinatorics. The following argument was inspired by 

[39]: 

Proof that Theorem D implies Theorem C. Let K, be the C"-compact set of real- 
analytic critical commuting pairs given by Theorem D. By the real bounds there 
exists a uniform constant np € N such that TZ"{C) G V^iKo) for all C G /C and all 
n>no. Therefore there exists K > Kq such that 7^"(C) G T"^{K) for aU C G /C and 
all n > 1. Let M > max„£N{a„} where p{f) — p{g) — [ao,ai, ...], and let L > 1 
given by Lemma 3.6. 

By Theorem D there exist constants Ai G (0,1), Ci(/),Ci(g) > and two 
sequences {/njnsN and {gnjngN contained in /C such that for all rt G N we have 
Pifn) = p{gn) = [a„,a„+i, ...] and: 



(4.1) do (/),/«) <C^i(/) A? and do(7^"(5), 5™) < C^l(.9)A^ 

Let nQ{f),nQ{g) G N given by Lemma 3.6, and consider tiq — max {fio(/)7 "0(5)} 
and also Ci = max {Ci{f), Ci{g)} . Fix a G (0, 1) such that a > logL'-io^Xi ' 
for all n > (l/a)no let m = [an\. By the choice oi K > Kq, and since frn,gm G IC 
for all TO G N, we have that W{fm) e V^{K) for all j G N. By the real bounds: 



for all n> Uq . 



(r-P"+i o /'?"+i)(o) 

and by (4.1) we have Item (3) and Item (4) of Lemma 3.6 for C, = /„, by taking uq 
big enough. Applying Lemma 3.6 we obtain: 

c^o(7^"(/),7^"-™(/™)) < l"-'" • do(7e™(/),/™) 

< CiL"-"'Al" 

and by the same reasons: 

do(7^"(5),7^"-™(5™)) < L"-™ • do(7e™(g),g™) 

< CiL"^"'A7 . 
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Let A2 — L^~"A", and note that A2 G (0,1) by the choice of a. Consider also 
C2 — 2Ci(l/Ai)L > 0. Since f„i and g„i are real-analytic and they have the 
same combinatorics, we know by Yampolsky's result (Theorem 2.3) that there exist 
constants A3 G (0, 1) and C3 > (uniform in JC) such that: 

do(7^"-"(/m),7^"-™(g,„)) < CaAr™ for all n e N. 

Finally consider C = C2 + C3 > and A ~ max{A2, Ag^"} e (0, 1). By the triangle 
inequality: 

do(7^"(/),7^"(5)) < CA" for ah neN. 

□ 



5. Approximation by holomorphic maps. 

5.1. The Beltrami equation. Until now we were working on the real line, now 
we start to work on the complex plane. We assume that the reader is familiar with 
the notion of quasiconformality (the book of Ahlfors [1] and the one of Lehto and 
Virtanen [30] are classical references of the subject). Recall the two basic differential 
operators of complex calculus: 

d_ _ (l\ ( d_ _ .d\ d__(l\(d_ .d_ 

Instead of ^ and ^ we will use the more compact notation dF and dF re- 
spectively. To be more explicit, if F : C C — > C is differcntiable at w e il then 
{DF{w)) (z) = dF{w)z + dF{w)z for any z e C. 

Recall that a continuous real function /i : M — > M is absolutely continuous if 
it has derivative at Lebesgue almost every point, its derivative is integrable and 
h{b) — h{a) = jl^h'{t)dt. A continuous function _F : 17 C C — C is absolutely 
continuous on lines in if its real and imaginary parts are absolutely continuous 
on Lebesgue almost every horizontal line, and Lebesgue almost every vertical line. 

Definition 5.1. Let i7 C C be a domain and let K > 1. An orientation-preserving 
homeomorphism F : D, ^ is K -quasiconformal (from now on K-q.c.) if F is 

absolutely continuous on lines and: 

\dF{z)\ < (yT\) ^-^^ ''^ 

Given a K-q.c. homeomorphism f : O — > F{n) we define its Beltrami coefficient 
as the measurable function iip : — >■ D given by: 

dF{z) 

1^f{z) = . for a.e. z G n. 
oh [z) 

Note that ^ip belongs to L°°{Vt) and satisfy ||//f||oo < {K - 1)/{K + 1) < 1. 
Conversely any measurable function from to C with L°° norm less than one is 
the Beltrami coefficient of a quasiconformal homeomorphism: 

Theorem 5.2 (Morrey 1938). Given any measurable function /i : — )■ D such 
ttiat \fJ-{z)\ < {K — 1)/{K + 1) < 1 almost everywhere in fl for some K > 1, there 
exists a K-q.c. homeomorphism _F : il — > F(Q) which is a solution of the Beltrami 
equation.' 

dF{z)fi{z) :^dF{z) a.e.. 
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The solution is unique up to post- composition with conjormal diffeomorphisms. In 
particular, if is the entire Riemann sphere, there is a unique solution (called the 
normalized solution) that fixes 0, 1 and oo. 

See [1, Chapter V, Section B] or [30, Chapter V] for the proof. Note that 
Theorem 5.2 not only states the existence of a solution of the Beltrami equation, 
but also the fact that any solution is a honieomorphism. Moreover we have: 

Proposition 5.3. — > in the unit ball of L°° , the normalized quasiconformal 
homeomorphisms f^^ converge to the identity uniformly on compact sets of C In 
general i/ /i„ ^ /i almost everywhere in C and \\fJ-n\\oo < fc < 1 for all rt G N, then 
the normalized quasiconformal homeomorphisms converge to f^ uniformly on 
compact sets of C 

See [1, Chapter V, Section C]. 

5.2. Ahlfors-Bers theorem. The Beltrami equation induces therefore a one-to- 
one correspondence between the space of quasiconformal homeomorphisms of C 
that fix 0, 1 and oo, and the space of Borel measurable complex-valued functions 
H on C for which ||^||oo < 1- The following classical result expresses the analytic 
dependence of the solution of the Beltrami equation with respect to /i: 

Theorem 5.4 (Ahlfors-Bers 1960). Let A be an open subset of some complex Ba- 
nach space and consider a map A x C — > D, denoted by (A, z) i~> fix{z), satisfying 
the following properties: 

(1) For every A the function C — > D given by z l^xiz) is measurable, and 
liA*A||oo < k for some fixed k < 1. 

(2) For Lebesgue almost every z G C, the function A — >■ D given by \^ fJ-xiz) 
is holomorphic. 

For each A let Fx be the unique quasiconformal homeomorphism of the Riemann 
sphere that fixes 0, 1 and oo, and whose Beltrami coefficient is fi\ (F\ is given by 
Theorem 5.2). Then A i-> F\{z) is holomorphic for all z G C. 

See [2] or [1, Chapter V, Section C] for the proof. In Section 7 we will make 
repeated use of the following corollary of Ahlfors-Bers theorem: 

Proposition 5.5. For any bounded domain U in the complex plane there exists a 
number C{U) > 0, with C{U) < C{W) if U C W, such that the following holds: 
let |G„ ; U — > G„(t/)}^gpj be a sequence of quasiconformal homeomorphisms such 
that: 

• The domains G„(t/) are uniformly bounded; there exists R> such that 
Gn{U) C B{0,R) for all n G N. 

• fin ^ in the unit ball of L°° , where fin is the Beltrami coefficient of G„ 
in U . 

Then given any domain V such that V d U there exist riQ G N and a sequence 
{Hn : V — > ^n(^)}„>„p of biholomorphisms such that: 

\\Hn - Gn\\co(v) < C{U) {^ ^(^QY Qjj-^ IIm«I|oo for all n > no, 

where d(^dV,dU) denote the Euclidean distance between the boundaries of U and 
V (which are disjoint compact sets in the complex plane, .since V is compactly 
contained in the bounded domain U). 
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We postpone the proof of Proposition 5.5 until Appendix B. In the next section 
we will also use the following extension of the classical Koebe's one-quarter theorem 
[6, Theorem 1.3]: 

Proposition 5.6. Given e > there exists K > 1 for which the following holds: 
let f : D /(D) d C be a K -quasiconformal homeomorphism such that /(O) = 0, 
/((—1, 1)) C M and f{IS>) C -6(0, Suppose t/iat /|(_ 1/2,1/2) "is differentiable and 
that \ f'{t)\ > £ for all t G (—1/2,1/2), where f denotes the real one- dimensional 
derivative of the restriction of f to the interval (—1/2,1/2). Then: 

B(0,e/16) c /(D). 

Proof. Suppose, by contradiction, that there exist e > and a sequence {/„ : D — > 
/„(D) C Cj^^gpj of quasiconformal homeomorphisms with the following properties: 

(1) Each /„ is ifn-q.c. with Kn 1 as n goes to infinity. 

(2) /„(0) = and /„((-l, 1)) C M for ah n e N. 

(3) /„(D) C B{0, 1/e) for all n€N. 

(4) /n I (-1/2, 1/2) is differentiable and |/4(i)| > £ for alH e (—1/2, 1/2) and for 
all neN. 

(5) i?(0,e/16) is not contained in /„(D) for any n G N. 

By compactness, since Kn — > 1 and /n(0) = for all rt e N, we can assume by 
taking a subsequence that there exists / : D — > C holomorphic such that /„ — > / 
uniformly on compact sets of D as n goes to infinity (see for instance [30, Chapter II, 
Section 5]). Of course /(O) = and /((-1, 1)) C M. We claim that |i:'/(0)| > e/2, 
where Df denotes the complex derivative of the holomorphic map /. Indeed, note 
that Item (3) implies that: 

-1 1 



C /„ 



and then by the uniform convergence we have: 



— £ £ 

m ' m 



Cf 



-1 1 

m ' m 



for all n, TO e N, 



for aU TO e N. 



Since / is holomorphic this implies the claim. From the claim we see that / is 
univalent in D, since the uniform limit of quasiconformal homeomorphisms is either 
constant or a quasiconformal homeomorphism (again see [30, Chapter II, Section 
5]). Finally, by Koebe's one-quarter theorem we have i?(0,£/8) C /(D), but this 
contradicts that i?(0,£/16) is not contained in /„(D) for any n e N. □ 

6. Complex extensions of 7?."(/) 

For every critical circle map, with any irrational rotation number, we will 
construct in this section a suitable extension to an annulus around the unit circle 
in the complex plane, with the property that, after a finite number of renormaliza- 
tions, this extension have good geometric bounds and exponentially small Beltrami 
coefhcient. In the next section we will perturb this extension in order to get a 
holomorphic map with the same combinatorics and also good bounds. 

Recall that given a bounded interval / in the real line we denote its Euclidean 
length by |/|, and for any a > we denote by Na{I) the M-symmetric topological 
disk: 

N^il) = {z e C : d{zj) < a|/|}. 
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where d denotes the Euchdean distance in the complex plane. The goal of this 
section is the following: 

Theorem 6.1. There exist three universal constants X G (0, 1), a > and f3 > 
with the following property: let f be a critical circle map with any irrational 
rotation number. For all n > 1 denote by {ijnj^n} the components of the critical 
commuting pair ??."(/). Then there exist two constants no G N and C > such 
that for each n > Uq both ^„ and rj^ extend (after normalized) to R-symmetric 
orientation-preserving maps defined in A'^^i 0]) o.'^d -^q([Oi ^n(O)]) respec- 
tively, where we have the following seven properties: 

(1) Both ttnd rjn have a unique critical point at the origin, which is of cubic 
type. 

(2) The extensions rjn and ^„ commute in _B(0, A), that is, both compositions 
Vn ° S,n o-nd ^„ ° Vn o,Te well defined in -6(0, A), and they coincide. 

(3) 

iV^(en([-l,0])) cC«(A^a([-l,0])). 



(4) 
(5) 
(6) 

(7) 



^0([-l,(^noC„)(O)]) Cr7„(7V4[0,e.(0)])). 
?7«(A^a([0,e„(0)])) UC„(A^a([-l,0])) C -8(0, A-i) 

max < \ — I > < CA . 

zeAr„([-l,0])\{0} [ \dS,n{z) 

2=6Af=([0,«„(0)])\{0} [ |9?7„(z) 

In this section we prove Theorem 6.1 (see Subsection 6.3), and in Section 7 we 
prove Theorem D. 

6.1. Extended lifts of critical circle maps. In this subsection we lift a critical 
circle map to the real line, and then we extend this lift in a suitable way to a 
neighbourhood of the real line in the complex plane (see Definition 6.5 below). 

Let / and g be two critical circle maps with cubic critical points c/ and Cg, 
and critical values Vf and Vg respectively. Recall that Diffi^(S'^) denotes the group 
(under composition) of orientation-preserving diffeomorphisms of the unit circle, 
endowed with the topology. Let A and B in Diff'^(5^) defined by: 

^= {V' e Diff^(5i) : 7/.(c/) =cg} and B ^ {(f) e V)m%{S^) : 4,{v g) = v . 

There is a canonical honieomorphism between A and B: 

ijj ^ Re^ o ip o Rg^ , 

where Rg-^ is the rigid rotation that takes Cg to w/ , and Rg.^ is the rigid rotation that 
takes Vg to Cf. We will be interested, however, in another identification between A 
and B: 

Lemma 6.2. There exists a homeomorphism T : A ^ B such that for any ip € A 
we have: 

/ = T(^)ogo^. 
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The lemma is true precisely because the maps / and g have the same degree at 
their respective critical points: 

Proof. Let tp in Diff']_(S'^) such that ij{cf) — Cg, and consider the orientation- 
preserving circle homeomorphism: 

that maps the critical value of g to the critical value of /. To see that T^ip) is 
in Diff_|_(5'^) note that when z ^ Vg we have that T{tp) is smooth at z, with non- 
vanishing derivative equal to: 

{DT{^)){z) ^ D^~\9 



0) 



'Df{{i:-^og-^){z)y 



In the limit we have: 



lim 



Di^-\g-\z)) 



' Df{{i>-'og-'){z)) ' 
Dg{g'Hz)) 



D9{g-^{z)) 



D^-\Cg) 



( 



a well-defined number in (0, -l-oo). This proves that r('0) is in B for every ip £ A. 



Moreover T is invertible with inverse T 



B ^ A given hj T-^{<j}) 



9~ 



o 

□ 



Let A : ^ he the map corresponding to the parameters a = and 6 = 1 in 
the Arnold family (1.2), defined in the introduction of this article, and recall that 
the lift of A to the real line, by the covering tt : M S*-"^ : 7r{t) = exp(27r?t), fixing 
the origin is given by: 

A{t) = t - (J^^ sin(27ri). 

The critical point of A in the unit circle is at 1, and it is of cubic type (the 
critical point is also a fixed point for A). Now let / be a critical circle map 
with a unique cubic critical point at 1, and let / be the unique lift of / to the real 
line under the covering tt satisfying /'(O) = and < /(O) < 1. By Lemma 6.2 we 
can consider two orientation preserving circle diffeomorphisms hi and h2., with 
hi{l) = 1 and /i2(l) = /(l)i such that the composition h2 o A o hi agrees with the 
map /, that is, the following diagram commutes: 



51 



f 



h2 



For each i E {1,2} let hi be the lift of hi to the real line under the covering tt 
determined by hi{0) e [0, 1). In Proposition 6.4 below we will extend both hi and 
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/i2 to complex neighbourhoods of the real line in a suitable way. For that purposes 
we recall the definition of asymptotically holomorphic maps: 

Definition 6.3. Let / be a compact interval in the real line, let U he a, neighbour- 
hood of / in and let : [/ — > C be a map (not necessarily a diffeomorphism) . 
We say that H is asymptotically holomorphic of order r > f in / if for every x € I: 

dH{x,0)=0 and ^^^"^'^^ , ^0 

uniformly as {x,y) e U \ I converge to /. We say that H is R- asymptotically 
holomorphic of order r if it is asymptotically holomorphic of order r in compact 
sets of M. 

The sum or product of M-asymptotically holomorphic maps is also R-asymptotically 
holomorphic. The inverse of an asymptotically holomorphic diffeomorphism of or- 
der r is asymptotically holomorphic map of order r. Composition of asymptotically 
holomorphic maps is asymptotically holomorphic. 

In the following proposition we suppose r > 1 even though we will apply it for 
r > 3. In the proof we follow the exposition of Graczyk, Sands and Swisitek in [15, 
Lemma 2.1, page 623]. 

Proposition 6.4. For i = 1,2 there exists Hi : C ^ C of class C such that: 

(1) Hi is an extension of hi: iJijij — hi; 

(2) Hi commutes with unitary horizontal translation: Hi oT = T o H^; 

(3) Hi is asymptotically holomorphic in M of order r; 

(4) Hi is W-symmetric: Hi{z) — Hi{z). 

Moreover there exist R > and four domains Bji, Un, Vn and Wn in C, sym- 
metric about the real line, and such that: 

• Br^ {z eC : -R < < R}; 

• Hi is an orientation preserving diffeomorphism between Bji and Ur; 

• H2 is an orientation preserving diffeomorphism between Vr and Wr. 

• Both iiifzeBn \9Hi{z)\ and inf^gy^ 1^^-^2(2)1 ^'"e positive numbers. 

Proof. For z — x + iy (Iz C, with y 7^ 0, let P^ y be the degree r polynomial map 
that coincide with hi in the r + 1 real numbers: 

je{0,l,...,r} 

Recall that Px^y can be given by the following linear combination (the so-called 
Lagrange's form of the interpolation polynomial): 

P t\ X^hf , /■ / ^ ^r^ z-{x + {l/r)y) 

i-o + U/O?/) -[x + {l/r)y) 



1^3 

j=r l=r 



U to (O-OA)y 



z — X — {l/r)y 

1^3 
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We define Hi{x + iy) = Px,y{x + iy), that is: 



Hi{x + iy) = Px,y{x + iy) = ^ hi [x + {j/r)y) ]J ^ 

j=0 



(=0 
1^3 



ir — I 



After computation we obtain: 



Hi{x + iy) = Px,y{x + iy) 



N 



E 

j=0 



where: 



J=0 



1 + i{j/r) 



hi{x+{j/r)y) 



\ 



1 + i{jlr) 



^0 



Note that Hi is as smooth as hi, and Hi{x) = hi{x) for any real number x (item 
(1)). Since hi is a hft wc have for any j G {0, 1, that hi[x + 1 + {j/r)y) = 

hi{x + {j/r)y) + 1, but then Px+i,y {x+l + {j/r)y) = Px,y{x + {j/r)y) + 1 for any 
j e {0, 1, r} and this implies Px+i,y oT = T o P^y in the whole complex plane. 
This proves item (2). 

To prove that Hi is asymptotically holomorphic of order r in M note that: 



dHiix + iy) = ^ E(-l)^' f';) K{x + {j/r)y) 



and for any k S {0, r}: 



Qk 

dy 



^dHiix + iy) = (^) (1) gVir/ (;) hr'\x + ijMy) 



Now we claim that for any k € {0, ...,r — 1} we have J2j=o(~^yj'' (^jj ~ ^• 
Indeed, for any j e {0, ...,r} we have - ty = {-ly (j^) (1 - ty-^, and 



this gives us the equality (1 — ty = X^j=o(— l)-* ( j for r > 1. Putting t = 1 we 



obtain the claim for A: = 0. Since t-^{l — ty = X]j=o(~l)''j*'' yjj > obtain the 

claim for A; = 1 if we put t = 1. Putting t = 1 in t-^ [^^(1 ~ ty] we obtain the 
claim for k = 2, and so forth until k = r — 1. 
With the claim we obtain for any a; € M that: 

mix) = (^) K{x) Q = 

and for any k G {0, r — 1}: 
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By Taylor theorem: 

uniformly on compact sets of the real line, and from this follows that Hi is asymp- 
totically holomorphic of order r in K (item (3)). To obtain the symmetry as in item 

(4) we can take z !—> Mii^l±Mii£l^ since this preserves all the other properties. 

Finally note that the Jacobian of Hi at a point x in M is equal to |/i^(a;)p 7^ 0. 
This gives us a complex neighbourhood of the real line where Hi is an orientation 
preserving diffeomorphism, and the positive constant R. Since we also have \dHi\ = 

\hi\ at the real line, and each hi is the lift of a circle diffeomorphism, we obtain the 
last item of Proposition 6.4. □ 

These are the extensions that wc will consider: 

Definition 6.5. The map F : Br Wr defined hy F — H2 o A o Hi is called the 
extended lift of the critical circle map /. 



Br 



- Wr 



Hi 



H2 



Ur 

We have the following properties: 



- Vr 



• F is C in the horizontal band Br\ 

• T o F = F oT in Br; 

• F is K-symmetric (in particular F preserves the real line), and F restricted 
to the real line is /; 

• F is asymptotically holomorphic in M of order r; 

• The critical points of F in Br are the integers (the same as A), and they 
are of cubic type. 

We remark that the extended lift of a real-analytic critical circle map will be 
C°° in the corresponding horizontal strip, but not necessarily holomorphic. 

The pre-image of the real axis under F consists of E itself together with two 
families of C" curves {ji{k)}k<£Z and {72(fc)}feGZ arising as solutions of 3(F(x -|- 
iy)) — 0. Note that 71 (fc) and 72 (fc) meet at the critical point Ck = k. 

Let 7+(fc) = 7i(fc) n H and j~ik) = 7j(A:) n for z = 1,2. We also denote 
7+(0) just by 7+. 



Lemma 6.6. We can choose R small enough to have that •y^ is contained in 
T = { arg(z) e (f , f )} n Sfl (that is, the open triangle with vertices 0, iR and 
(■\/3 + i)R), ^2 contained in —T, "f^ is contained in —T and 7^ is contained in 
T. 



Proof. The derivative of Hi at real points is conformal, so the angle between 71 



and 72 with the real line at zero is ?. 



□ 
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6.2. Poincare disks. Besides the notion of asymptotically holoniorphic maps, the 
main tool in order to prove Theorem 6.1 is the notion of Poincare disk, introduced 
into the subject by Sullivan in his seminal article [48]. 

Given an open interval / = (a, 6) C M let C/ = (C \ M) U / = C \ (M \ /) . For 
9 G (0, tt) let D be the open disk in the plane intersecting the real line along / 
and for which the angle from M to dD at the point b (measured anticlockwise) is 
9. Let £)+ = D n {z : ^{z) > 0} and let D~ be the image of Z?+ under complex 
conjugation. 

Define the Poincare disk of angle 9 based on / as Dg{a, b) — U / U , that 
is, Dg{a,b) is the set of points in the complex plane that view I under an angle 
> 9 (see Figure 5). Note that for = f the Poincare disk De{a, b) is the Euclidean 
disk whose diameter is the interval (a, b). 

We denote by diam (^Dg{a, 6)) the Euclidean diameter of Dg{a, b). For e [f , ti") 
the diameter of Dg{a, b) is always |6 — a|. When 9 e (O, |) we have that: 

diam (^Dg{a, 6)) 

is an orientation-reversing diffeomorphism between (O, and (l,+C)o), which is 

real-analytic. Indeed, when 9 € (O, f ) the center of is (^y^) + i ( 2 tan e ) ' 
its radius is 2iAne ' ^® obtain: 

diam (De{a, b)) = 2 ( + 2 ( 

^ ' \2t&n9j V 2sin6l 

^ ^ '(b-a) 



tanS sin 
1 + cos 
sin 9 



Therefore we have: 



diam (Dg {a, b)) l + cos6l „ ^ 7r\ 

FT i = ■ — 7{ — for any 9 e 0, - . 

\b-a\ sm9 V 2/ 

In particular when 9 goes to zero the ratio diam (^Dg{a, 6)) a| goes to infinity 
like 2/0. 





Q > 



e e (7r/2,7r) 



e e (0,7r/2) 

Figure 5. Poincare disks. 



Poincare disks have a geometrical meaning: C/ is an open, connected and simply 
connected set which is not the whole plane. By the Riemann mapping theorem we 



RIGIDITY OF SMOOTH CRITICAL CIRCLE MAPS 



25 



can endow C/ with a complete and conformal Riemannian metric of constant cur- 
vature equal to —1, just by pulling back the Poincare metric of D by any conformal 
uniformization. Note that / is always a hyperbolic geodesic by symmetry. 

For a given 9 e (0, tt) consider e{9) = log tan (| — |), which is an orientation- 
reversing real-analytic diffeomorphism between (0,7r) and (0, -l-oo). An elementary 
computation shows that the set of points in C/ whose hyperbolic distance to / is 
less than e is precisely D0{a, b). 

In particular we can state Schwarz lemma in the following way: let / and J be 
two intervals in the real line and let : C/ — >■ Cj be a holomorphic map such that 
(/)(/) C J. Then for any 9 e (0,7r) we have that cl){De{I)) C Dg{J). 

With this at hand (and a very clever inductive argument, see also [31]), Yam- 
polsky was able to obtain complex bounds for critical circle maps in the Epstein 
class [50, Theorem 1.1]. The reason why we chose asymptotically holomorphic 
maps to extend our (finitely smooth) one-dimensional dynamics (see Proposition 
6.4 and Definition 6.5 above) is the following asymptotic Schwarz lemma, obtained 
by Graczyk, Sands and Swi§,tek in [15, Proposition 2, page 629] for asymptotically 
holomorphic maps: 

Proposition 6.7 (Almost Schwarz inclusion). Let h : I ^ R be a diffeomor- 
phism from a compact interval I with non-empty interior into the real line. Let H 
be any extension of h to a complex neighbourhood of I , which is asymptotically 
holomorphic of order 3 on L. Then there exist M > and S > such that if a^c ^ L 
are different, 9 G (0,7r) and diam (/^^(a, c)) < 5 then: 

H{De{a,c)) Q Dg{h{a),h{c)) 

where 9 = 9 — Af |c — a\ diam (^Dg{a, c)) . Moreover, 9 > 0. 

Let us point out that a predecessor of this almost Schwarz inclusion, for real- 
analytic maps, already appeared in the work of de Faria and de Melo [13, Lemma 
3.3, page 350]. 

6.3. Proof of Theorem 6.1. With Proposition 6.7 at hand, we are ready to start 
the proof of Theorem 6.1. We will work with /'"+^ [/„, the proof for li^+i being 
the same. 

Proposition 6.8. Let f be a critical circle map with irrational rotation number, 
and let F be its extended lift (according to Definition 6.5). There exists no G N 
such that for any n > uq there exist two numbers Kn > 1 and 0„ > satisfying 
Kn — > 1 and 0„ — > as n ^ +oo, and: 

diam {De^/K„ (/(/»))) diam {Pg^ (/g"+i (/„))) 

\filn)\ \f^" + ^iln)\ 

with the following property: let 9 > 9n, 1 < J < Qn+i cind let J be an open interval 
such that: 

/„ c jc (/«"-i-«"+Ho),r"-«"+Ko)). 

Then the inverse branch f mapping f^{J) back to f{J) is well defined over 
Dg(^f^ {J)) , and maps this neighbourhood diffeomorphically onto an open set con- 
tained in Dg jj^^ {f{J)) ■ 



lim 

n— f-t-oo 
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To simplify notation we will prove Proposition 6.8 for the case J = /„ and 

3 = 9n+l- 

Proof. For each n G N and j G {1, qn+i — 1} we know by combinatorics that / is 
a diffeomorphism from f-' (In) to /■'+^(/„). Let Mj_„ > and Sj^n > given by 
Proposition 6.7 applied to the corresponding inverse branch of the extended lift F. 
Moreover, let M„ = maXjg{i^...^q^^j_i}{Af,>} and (S„ = min^gii ...^g^^j_i}{5j,„}. 
For each n G N let An and i?„ be the affine maps given by: 

An{t) = (l/|r"+^(/„)|)(t-7^"+K0)) and Bnit) = (l/|/(/„)|) - /(O)). 

By the real bounds, the diffeomorphism r„ : [0, 1] — > [0, 1] given by: 

Tn - Bn O + 1 o 

has universally bounded distortion, and therefore: 

inf {|r;(t)|} >o. 

n>no 

In particular M — sup„>„j^{Af„} is finite, and 5 = inf„>„Q{(5„} is positive. 
Let dn — maxi<j<g^^j^ |/"'(^n)|, and recall that by the real bounds the sequence 
{dn}n>i goes to zero exponentially fast when n goes to infinity. In particular we 
can choose a sequence {ctn}„>]^ C (O, ^) also convergent to zero but such that: 

Let tp : (0,7r) — )• [l,+oo) defined by: 

1 + cosg ) _ f i±£^ for0G(O,f) 
1 for 61 G [f ,7r) 



lb (9) = max < 1 

' sm 



Note that ip is an orientation-reversing real-analytic diffeomorphism between 
(0, 1) and (1,-1-00). As we said before, for any 9 G (0,7r) and any real numbers 
a < b, we have that diam (^Dg{a, 5)) — ip{9)\b — a\. Now define: 

9„ = an + i^ia„)iSM) ^ |/-'+i(/„)|' > a„ > 



and: 



= ^ = 1 + f ^) (SM) "f:" \r^\inf > 1 . 



By the choice of a„ we have: 



n— f-t-C30 

and since: 



lim r^)d„.o. 
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we have that 0„ — >■ and Kn — > 1 when n goes to infinity. We also have: 
\i^{enlKn) - i^{en) \ < ( max I I 



sin(&„/X„) 

V'(«n) \ 1/1 _ ^ I 

sin(Q:„)/ 

2\ 



y Sin(Q;„) J 

and this goes to zero by the choice of a„. In particular: 

di am(Dg„/;^„ (/(/„))) _ diam(J,„(/'?"+^ (/„))) 

\f{In)\ |/«"+^(/n)| 



lim 



= 



as stated. We choose tt-q G N such that for all n > no we have 7/'(Q!„)(i„ < 5. 
Define inductively by 6q^^^ = On and for 1 < j < qn+i — 1 by: 

0j = 9,+i - M|f'+i(/„)| diam {Dg^^, {f+\ln))) = O.+i - M^{0j+,)\P+\ln)\ 



We want to show that 9j > OLn — ^ for all 1 < j < f/n+i- For this we claim 
that for any 1 < j < (/n+i we have that: 

fc=0 

The claim follows by (reverse) induction in j (the case j = Qn+i holds by def- 
inition). If the claim is true for j + 1 we have ip(0j^i) < iplam), this implies 
9j > Oj^i — tl:{an){SM)\f^^^{In)\^ and with this the claim is true for j. It follows 
that: 

diam {De^ {f (In))) = V'(0,)|F(/„)| < i/'(a„)d„ < S < 5, for all 1 < j < q^+i . 

By Proposition 5.6 the inverse branch F^^ mapping f^^^{In) back to f-'{In) 
is a well-defined diffeomorphism from the Poincare disk Dg.^-^{f^^^{In)) onto its 
image, and by Proposition 6.7 we know that: 

F-\De^^,if+\ln))) C {De^ifiln))). 
The claim also gives us: 

Oi > a„ + V(a„)((5M)|7(/„)|' >an^^, 

and this finish the proof. □ 
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Corollary 6.9. There exist constants a > 0, Ci,C2 > and A G (0,1) with the 
following property: let f be a critical circle map with irrational rotation number, 
and let F be its extended lift. There exists uq G N such that for each n > uq there 
exists an M.- symmetric topological disk with: 

A^a (/(/«)) cr„, 

such that the composition F'^"+^^^ : y„ — >■ _F''"+i~^(y„) is a well defined diffeo- 
morphism and we have: 

(1) 

Ci < — — < C2 , and 



(2) 



sup < \ < 



Proof. For each n G N let: 

• /„ be the closed interval whose endpoints are and (T~P" o /^")(0), 

• J„ be the open interval containing the origin that projects to (/'"+^ (1), (l)) 
under the covering 7r(t) — e^'^**, and 

• Kn be the open interval containing the origin that projects to (^f9n-i-q,z+i j^^)^ ji^-q^+i ^2)^ 
under the covering tt. 

Note that /„ U /„+i C J„ C J„ C if„ (see Figure 6). By combinatorics, the 
map / : /■'(if„) f-'^^{Kn) is a difleomorphism for all j G {l,...,(7„+i — 1}, 
and therefore all restrictions / : f-'{Jn) — ^ f''~^^{Jn) are diffeomorphisms for any 
j G {1, Qn+i — 1} (just as in the proof of Proposition 6.8). 



J 



n 



• • 



Kr 



Figure 6. Relative positions of the relevant points in the proof of 
Corollary 6.9. 



Recall that the extended lift F : Bji — > Wr is given by the composition F = 
H2 o Ao Hi (see Definition 6.5). Let no G N given by Proposition 6.8, and for each 
n > Uq let Kn > 1 and 0„ > also given by Proposition 6.8. Fix 9 G (0, tt) such 
that 9 > 9n for all n > no and such that: 

< (l) {d{zJ'{Jn)))' 

for any z G Dg/x^(f^ {J^)) , any j G {!,..., q^+i - 1} and any i G {1,2} (as before 
fiHi denotes the Beltrami coefficient of the quasiconformal homeomorphism Hi, 
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and d denotes the Euclidean distance in the complex plane). The existence of 
such 9 is guaranteed by Proposition 6.8, the fact that both Hi are asymptotically 
holomorphic in M of order 3, and the last item in Proposition 6.4. 

Let Y„ C F-9"+i+i(i:)e(/9"+i(J„))) be the preimage of De{P^+^{J^)) under 
pq^+i-i given by Proposition 6.8, and note that: 

• Yn is an M-symmetric topological disk, 

• /(/«) c r„, 

• /(/„+l) C Yn- 

• By Proposition 6.8, {Y^) C De/K^ (P+'(^)) for aU j e {0, 1, g„+i - 
!}■ 

Moreover: 

diam(F«"+i-i(y„)) =diam(Z?e(r"+K^))) =VXe)|r"+H^)|, 

and by the real bounds |/''"+^(Jn)| and |/^"+^(/n)| are comparable (with universal 
constants independent of n > uq). Again the map tp is the same as in the proof 
of Proposition 6.8. This gives us Item (1), and now we prove Item (2). For each 
n > no let fc„ € [0, 1) be the conformal distortion of at y„, that is: 

'"^r.tiiaF....-H.)ir 

Moreover, for each j E {1, ...,qn+i — 1} let Knj, Kn,j{l) and Kn.j{2) in [l,+o3) 
be the quasiconformality of F at F^^^{Yn), of Hi also at F^~^{Yn), and of H2 at 
(Aoi7i)(FJ-i(r„)) respectively. Since A is conformal we have that: 

+ \ 971+1-1 

J = l / J = l 

971 + 1-1 

= (l0gi^n,j(l)+logi^„j(2)) 
J = l 
971 + 1-1 

< Mo (diam (F^-i(y„)))^ (for some Mq > 1) 
j=i 

971 + 1-1 

< ^ Mo{diam{De/KAfHJn)))y 
j=i 

= Mo(^(f?/i^„))'i/M^n)r<A^i I E l/'^-^")! 

i=i \ j=i 

The last inequality follows from the fact that if„ — > 1 when n goes to 00. By 
combinatorics the projection of the family {f-'iJn)}'^"^^ to the unit circle has 
finite multiplicity of intersection (independent of n > no), and therefore: 

(6.1) V IfHJn) <M2 max /^(J„) 

j-{ I \3e{l,....q,,+i-l} 
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where the constant M2 > only depends on the muhiphcity of intersection of the 
projection of the family {/"' (Jn)}^"^^ to the unit circle. By the real bounds, the 
right hand of (6.1) goes to zero exponentially fast at a universal rate (independent 
of /), and therefore we obtain constants A G (0, 1) and C > such that: 

r |aF«"+i"i(z)| 1 

fc„ = sup < |— — -| ) < CX for all n > no. 

z&Y^ \ |9F9'.+i-i(z)| J 

To finish the proof of Corollary 6.9 we need to obtain definite domains around 
/(/„) contained in Yn. As in the proof of Proposition 6.8, for each n > no let An 
and Bn be the affine maps given by: 

A„(^)- (l/|r"+^(/„)|)(z-/«"+^(0)) andi?„(z) = (l/|/(/„)|)(z-/(0)), 

and also let Z„ = An{Dg(^f'^"+^ (Jn))) ■ By the real bounds there exists a universal 
constant ao > such that: 

TVao ([0, 1]) C Zn for all n > uq. 

The M-symmetric orientation preserving diffeomorphism Tn ■ ^ T.n{Zn) 
given by: 

T„ = Bn o F-'^-'+i+i o A-^ 

induces a diffeomorphism in [0, 1] which, again by the real bounds, has universally 
bounded distortion. In particular there exists e > such that |T^(i)| > e for all 
t e [0, 1] and for all n > uq. By Proposition 5.6 there exists a > (only depending 
on ao and e) such that (by taking no big enough): 

Na{[0,l]) cTniZn) foraUn>no, 

and therefore: 

A^a (/(/«)) C y„ foraUn>no. 

□ 

Proposition 6.10. There exist constants a > 0, Ci, C2 > and A G (0, 1) with the 
following property: let f be a C'^ critical circle map with irrational rotation number, 
and let F be its extended lift. There exists no S N such that for each n > no there 
exists an R-symmetric topological disk Xn with: 

(In) C Xn , where /„ = [O, (T-f- o ) (0)] , 

such that the composition F'^"+^ is well defined in Xn, it has a unique critical point 
at the origin, and we have: 

(1) 

^ diam(F^-'+^(A„)) 
Gi < ; < O2 , and 

/«"+K/n) 



(2) 



I |aF«"+i(z)| I 

sup < T^J ? < C2A" 

.ex,A{0} 1 |aF9"+i(z)| j - 
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Proof. From the construction of the extended hft F in Subsection 6.1 (see also 
Lemma 6.6) there exists a complex neighbourhood of the origin such that the 
restriction F : — ^ is of the form Q o where Q{z) = + /(O), and 

tp : n ^ (^F{il)^ is an M-symmetric orientation preserving diffeomorphism 
fixing the origin. In particular there exist e > and S > such that if t e {—5, S) 
then I I > £i where (ip^^)' denotes the one-dimensional derivative of the 
restriction of to (5~^(F(ri)) n M. Let K > 1 given by Proposition 5.6 applied 
to e > 0. Since ip is asymptotically holomorphic of order 3 in il, we can choose 
small enough in order to have that ip is if-quasiconformal. By taking rio S N 
big enough we can assume that |-!/'(/„)| < S and Yn C F{il,) for all n > hq, where 
the topological disk is the one given by Corollary 6.9. By Corollary 6.9 and 
elementary properties of the cube root map (see for instance [50, Lemma 2.2]) 
there exists a universal constant ao > such that for all n > no we have that: 

(6.2) N^oi^iln)) d Q-\Yr,) . 

Define X„ C 51 as the preimage of F„ under F, that is, X„ — F^^(F„) — 
■0~^((5^^(F„)). Item (1) follows directly from Item (1) in Corollary 6.9 since 
Fi^+^{Xn) = F«"+i"i(y„). By (6.2) and Proposition 5.6 there exists a univer- 
sal constant a > such that: 

Na{In) C Xn C for all U > Uq. 

To obtain Item (2) recall that by Item (2) in Corollary 6.9 we have: 

sup <^ ^ < CA" . 

Since Q is a polynomial, it is conformal at its regular points, and since ||mi/'|Ioo — 
< 1 in we have: 

sup <^ ^ < CA" . 

.eJf.\{o}\|9F9"+i(z)| j - 

□ 

Theorem 6.1 follows directly from Proposition 6.10 and its analogue statement 



7. Proof of Theorem D 

As its tittle indicates, this section is entirely devoted to the proof of Theorem 
D, and recall that Theorem D implies our main result (Theorem B) as we saw in 
Section 4. 

First let us fix some notation and terminology. By a topological disk we mean 
an open, connected and simply connected set properly contained in the complex 
plane. Let tt : C — C \ {0} be the holomorphic covering z i— )■ exp(27ri2;), and let 
T : C — C be the horizontal translation z i-^ z + 1 (which is a generator of the 
group of automorphisms of the covering). For any R > 1 consider the band: 

Bii = {zeC: -logi? < 27r3(z) < logi?}. 
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which is the universal cover of the round annulus: 

v4i^ = |z e C : < |z| < i?| 

via the holomorphic covering vr. Since is T-invariant, the translation generates 
the group of automorphisms of the covering. The restriction tt : M — > S"^ = 9D 
is also a covering map, the automorphism T preserves the real line, and again 
generates the group of automorphisms of the covering. 

More generally, an annulus is an open and connected set A in the complex plane 
whose fundamental group is isomorphic to Z. By the Uniformization Theorem such 
an annulus is conformally equivalent either to the punctured disk D \ {0}, to the 
punctured plane C\ {0}, or to some round annulus Aji = {z S C : 1/ R < \z\ < i?}. 
In the last case the value of i? > 1 is unique, and there exists a holomorphic covering 
from D to A whose group of deck transformations is infinite cyclic, and such that 
any generator is a Mobius transformation that has exactly two fixed points at the 
boundary of the unit disk. 

Since the deck transformations are Mobius transformations, they are isometrics 
of the Poincare metric on D and therefore there exists a unique Riemannian metric 
on A such that the covering map provided by the Uniformization Theorem is a 
local isometry. This metric is complete, and in particular, any two points can be 
joined by a minimizing geodesic. There exists a unique simple closed geodesic in A, 
whose hyperbolic length is equal to 7r^/logi?. The length of this closed geodesic is 
therefore a conformal invariant. 

We denote by O the antiholomorphic involution 2 i— > 1/z in the punctured plane 
C\ {0}, and we say that a map is -symmetric if it commutes with Q. An annulus 
is -symmetric if it is invariant under Q (for instance, the round annulus Afj 
described above is S'^'^-symmetric). In this case, the unit circle is the core curve 
(the unique simple closed geodesic) for the hyperbolic metric in A. In this section 
we will deal only with S'^-symmetric annulus. In particular any time that some 
annulus Aq is contained in some other annulus Ai, we have that Aq separates the 
boundary components of Ai (more technically, the inclusion is essential in the sense 
that the fundamental group 7ri(Ao) injects into 7ri(yli)). 

Besides Theorem 6.1 (stated and proved in Section 6), the main tool in order to 
prove Theorem D is Proposition 5.5 (stated in Section 5, and proved in Appendix B 
as a corollary of Ahlfors-Bers Theorem). The proof of Theorem D will be divided in 
three subsections. Along the proof, C will denote a positive constant (independent 
of n G N) and hq will denote a positive (big enough) natural number. At first, let 
uq £ N given by Theorem 6.1. Moreover let us use the following notation: Wi = 
iV„([-l,0]), W2 = W2{n) = iVc«([0,e„(0)]), Wo = B(0,A) and V = B{0,X~^), 
where a > and A G (0, 1) are the universal constants given by Theorem 6.1. 
Recall that 77„(0) = — 1 for all n > 1 after normalization. 

7.1. A first perturbation and a bidimensional glueing procedure. From 
Theorem 6.1 we have: 

Lemma 7.1. There exists an R-symmetric topological disk U with: 

-1 eU cWi\Wo, 
such that for all n > no the composition: 
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is an ^.-symmetric orientation-preserving dijfeomorphisni. 

For each n > uq denote by A„ the difFeomorphism rj^^ o^^. Note that ||/^a„ IIoo ^ 
CA" in U for aU n > no, and that the domains { A„(i7)}^^^ are uniformly bounded 

since they are contained in UjW^- Fix e > and 5 > i) such that the rectangle: 

F = ( - 1 - £, -1 + e) X ( - 1,5, 

is compactly contained in U , and apply Proposition 5.5 to the sequence of M- 
symmetric orientation-preserving diffeomorphisms: 

{A„:C/^A.(C/)}„>„„ 

to obtain a sequence of M-symmetric biholomorphisms: 

{^-^^^«(^)}„>„„ 

such that: 

||A„ - B„||^o^^^ < CA" for all n > Uq- 
From the commuting condition we obtain: 

Lemma 7.2. For each n > hq there exist three R-symmetric topological disks Vi{n) 
for i e {1, 2, 3} with the following five properties: 

• G Viin) c Wo; 

• {Vn o QiO) = (6. o ?7„)(0) - e V2{n) C 1^2/ 

• e.(0) G V^in) C W2; 

• When restricted to Vi (n) , both rjn and ^„ are orientation-preserving three- 
fold branched coverings onto V and V3(n) respectively, with a unique 
critical point at the origin; 

• Both restrictions ^n\v cind ?7n|v3(n) orientation-preserving diffeo- 
morphisms onto V2{n). 

In particular the composition rj^^ of„ is an orientation-preserving diffeomor- 
phism from V onto V^^n) for all n > uq. 

For each n > uq let Ui{n), U2{n) and U3{n) be three K-symmetric topological 
disks such that: 

• Ui{n), U2{n) and C/3(n) are pairwise disjoint; 

• Vf]Uj{n) = and V^{n)f]Uj{n) = for i,j G {1,2,3}; 

• Ui{n) C Wi and CM^LJC^sM C W2; 
and such that: 

/i=3 \ /j=3 



I4n = interior 

is an M-symmetric topological disk (see Figure 7). Note that 



U C Un CIW1UW2 for all n>no, 



and that L{n \ {V U Vi{n) U V2{n) U V3(n)) has three connected components, which 
are precisely Ui{n), U2{n) and U3{n). By Theorem 6.1 we can choose Ui{n), U2{n) 
and 113(71) in order to also have: 



iV5([-l,0]) U iVi([0,en(0)]) C U,, for all n > no, 
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for some universal constant 6 > 0, independent of n > tiq. Note also that each Un 
is uniformly bounded since it is contained in Na(^[—1, K]^, where a > is given by 
Theorem 6.1, and K > 1 is the universal constant given by the real bounds. 




Figure 7. The domain U, 



For each n > uq let Tn be an M-symmetric topological disk such that: 

• V, Vi{n), V2{n) and Bn{V) are contained in Tn, 

• Tn\ (V U Bn{V)) is connected and simply connected, 

• The HausdorfF distance between Tn and Un is less or equal than: 



l^n ^ ^'"■\\c°{V) — 



n 



Lemma 7.3. For each n > uq there exists an orientation-preserving M.- symmetric 
C"^ diffeomorphism (f>„ : Un — > Tn such that: 

• $„ = Id in the interior of V U Ui{n) U Vi{n), in particular $„(0) = 0. 

• Bn^ o (77-1 o o $-1 in V, that is, $„ o An = B„ o $„ in V. 

• IIa'*„IIoo < C'A" inUn- 

Proof of Lemma 7.3. For each n> we have \\An — Bn\\c"(v) 5: CA" and there- 
fore: 

If we define <bn\v3{n) = Bn° A^^ wc also have ||/i$„||oo = ||/^^-i|loo hi V3(n), which 
is equal to ||/iy!t„||oo in V. In particular ||/i$„||oo < CA" in V^ln), and then we 
define in the whole Un by interpolating _B„ o A^^ in V3(n) with the identity in 
the interior of ^ U Ui{n) U Vi (n) . □ 

Consider the seven topological disks: 



Xi{n) = interior [V U Ui{n) U Vi{n)) cWiH Un 



X2{n) = interior U U2{n) U V2{n) U Usin) U V^in)) C W^2 H , 
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- $n(^i(ri)) U $„(X2(n)) C r„ , 
yi(n) =Xi(n)n$„(Xi(n)) and ^2(71) = n $„(X2(n)). 

Note that V, Vi{n) and are contained in Tn for all n > uq. Moreover, we 

have the following two corollaries of Theorem 6.1: 

Lemma 7.4. There exists S > such that for all n > uq we have: 

Ns{[~l,0]) C Yi(n) and Ns{[0,UO)]) C ¥2(71). 

Lemma 7.5. Both: 

sup < sup {det (£'^„(z)) } > and sup < sup {det (_D7/„(z)) } > 

n>no \^zeYi(n) J n>no \^zeY2{n) J 

are finite, where det(-) denotes the determinant of a square matrix. 
Let: 

f„ : $„(Xi(n)) ^ ($„ o Q {Xi{n)) defined by = *n o o 

and: 

7y„ : <^n{X2in)) -> ($„ o {X2{n)) defined by ry,, = $„ o r/„ o <I>~^ 

Since each is an M-symmetric diffeomorphism, the pair (rjn, £,n) restrict to 
a critical commuting pair with the same rotation number as {r]n,^n), and the same 
criticality (that we are assuming to be cubic, in order to simplify). Note also that 
^ra(O) = —1 for all n > tiq. Moreover, from Lemma 7.5 and ||<i>„ — ^ < CA" 
we have: 

Therefore is enough to shadow the sequence {rjn,£,n) in the domains Yi{n) and 
Y2{n), instead of (ry„, (the shadowing sequence will be constructed in Subsection 
7.3 below). The main advantage of working with the sequence {rjn,^n) is precisely 
the fact that ?7^^ o ^„ is univalent in V for all n > uq (since it coincides with i?„). 
In particular we can choose each topological disk Un and %i defined above with 
the additional property that, identifying V with Bn{V) via the biholomorphism 
Bn, we obtain from Tn an abstract annular Riemann surface iS„ (with the complex 
structure induced by the quotient). 

Let us denote by p„ : 7^ — >■ iS„ the canonical projection (note that Pn is not a 
covering map, just a surjective local diffeomorphism). The projection of the real 
line, p„(M n Tn), is real-analytic diffeomorphic to the unit circle S^. We call it the 
equator of 5„. 

Since complex conjugation leaves Tn invariant and commutes with _B„, it induces 
an antiholomorphic involution : iS„ — > Sn acting as the identity on the equator 
p„(]R n Tn)- Note that F„ has a continuous extension to dSn that switches the 
boundary components. 
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Since 5„ is obviously not biholomorphic to D \ {0} neither to C \ {0} we have 
niod(iS„) < oo for aU n > no, where mod(-) denotes the conformal modulus of an 
annular Riemann surface. For each n > uq define a constant i?„ in (1, +oo) by: 



R„ = cxp 



/ mod (Sn) 



that is, Sn is conformally equivalent to Ajj^ = |z G C : < \z\ < 

Any biholomorphism between Sn and must send the equator p„(lRn Tn) onto 
the unit circle (because the equator is invariant under the antiholomorphic 
involution Fn , and the unit circle is invariant under the antiholomorphic involution 
z I— >■ 1/z in Afi^ ) . Let : Sn An^ be the conformal uniformization determined 
by ^'n(pn(0)) = 1, and let P„ : Tn ~^ ^_r„ be the holomorphic surjective local 
diff eomorphism : 

P71 = ^n°P7i- 

See Figure 8. Note that P„(0) = 1 and PniTnCiR) = for all n > uq. Moreover 
Pn{z)Pn{z) = 1 for all z ^ Tn and all n > uq. From now on we forget about the 
abstract cylinder Sn- 

Lemma 7.6. There exist two constants S > and C > 1 such that for all n > uq 
and for all z G Af5([— 1, ^„(0)]) we have z E Tn Ti and: 

Proof of Lemma 7. 6. By the real bounds there exists a universal constant Cq > 1 
such that for each n > no there exists Wn E [ — 1,^„(0)] such that: 

7^ < \PniWn)\ < Co. 

To prove Lemma 7.6 we need to construct a definite complex domain around 
[— 1, ^„(0)] where P„ has universally bounded distortion. Again by the real bounds 
there exist S > and / G N with the following properties: for each n > there 
exists zi, Z2, Zfe„ G [ — 1, ^n(O)] with /c„ < I for all n > Uq such that: 

. [-l,UO)]cut,Biz,,d). 

• B{z„2d) cfnCTn for aU i G {1, fc„}. 

• Pn\Bizi,2S) is univalent for all i G {1, ...,fc„}. 

By convexity we have for all n > no and for all i G {1, fc„} that: 

[M^l<expf sup 

eS(2.,5) 1 \Pn{w)\ J ~ \weBiz,,S} \ \Pn{w)\ J ) ' 



and by Koebe distortion theorem (see for instance [6, Section I.l, Theorem 1.6]) 
we have: 

sup I \ " ^ — ^ 1 < 7 for all n> no and for all i G {1, fc„}. 
wdBizuS) [ \Pn{w)\ J 5 

□ 

Now we project each commuting pair {rjn, £,n) from Ti to the round annulus Aj^^ . 
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Figure 8. Bidimensional Glueing procedure. 

Proposition 7.7 (Glueing procedure). The pair: 

f„ : $„(Xi(n)) -S- Tn and rfn : $„(X2(n)) % 
projects under Pn to a well-defined orientation-preserving map: 

For each n > Uq, Pn{Tn) is a Q-invariant annulus with positive and finite mod- 
ulus. Each Gn is -symmetric, in particular G„ preserves the unit circle. 

When restricted to the unit circle, Gn produce a critical circle map (?„ : 
— )• with cubic critical point at P„(0) — 1, and with rotation number p{gn) = 
p(7e"(/)) eK\Q. 

Tn G Tn " Tn 



Pn{fn)GAR„ 
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Moreover the unique critical point of Gn in Pn{Tn) is the one in the unit circle (at 
the point 1 ) and: 

\dGn{z)\ < CA" \dGn{z)\ for all z e F„(7;) \ {1}, that is: 

Proof of Proposition 7. 7. This follows from: 

• The construction oiUn and % . 

• The property B„ = $„ o (77-1 o o $-1 in V. 

• The commuting condition in Vi(n). 

• The symmetry P„(z)P„(z) — 1 for all z and all n> hq. 

• The fact that Pn ■ %, ^ A_r„ is holomorphic, F„(0) = 1 and P„(7^i n M) = 

for all n > riQ. 

□ 

Note that each g„ belongs to the smooth conjugacy class obtained with the 
glueing procedure (described in Section 3.2) applied to the critical commuting 
pair (j]n,£,n)- As we said in the introduction, the topological behaviour of each 
Gn on its annular domain is the same as the restriction of the Blaschke product 
fj (1.3) to the annulus A'" U B[, as depicted in Figure 1. In the next subsection 
we will construct a sequence of real-analytic critical circle maps, with the desired 
combinatorics, that extend to holomorphic maps exponentially close to Gn in a 
definite annulus around the unit circle (see Proposition 7.8 below). 

7.2. Main perturbation. The goal of this subsection is to construct the following 
sequence of perturbations: 

Proposition 7.8 (Main perturbation). There exist a constant r > 1 and a sequence 
of holomorphic maps defined in the annulus : 

{Hn : Ar ^ C}„>„„ 

such that for all n > uq the following holds: 

• Ar C Pnifn) C Pn{Tn) ^ Ar^. 

• \\-^n ^ ^"|lc"(Ar) — 

• Hn{Ar) C {Gn O P„) (fn) C PniTn) = . 

• Hn preserves the unit circle and, when restricted to the unit circle, Hn 
produces a real- analytic critical circle map '■ such that: 

— The unique critical point of hn is at Pri(O) = 1, and is of cubic type. 

— The critical value of hn coincide with the one of gn, that is, /i„(l) = 

.9«(i) e PnivnR). 

— p{hn) = p{gn) = p(7^"(/)) e M \ Q. 

• The unique critical point of Hn in Ar is the one in the unit circle. 

The remainder of this subsection is devoted to proving Proposition 7.8. We 
wont perturb the maps G„ directly (basically because they are non invertible). 
Instead, we will decompose them (see Lemma 7.9 below), and then we will perturb 
on their coefficients (see the definition after the statement of Lemma 7.9). Those 
perturbations will be done, again, with the help of Proposition 5.5 of Section 5. 

Let A : C \ {0} — >■ C \ {0} be the map corresponding to the parameters a — 
and 6 = 1 in the Arnold family (1.2), defined in the introduction. The lift of A to 
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the complex plane by the holomorphic covering z i— > exp(27r«2;) is the entire map 
A : C — > C given by: 

A{z) = z - sin(27rz). 

Then A preserves the unit circle, and its restriction A : S"^ — > S*^ is a real-analytic 
critical circle map. The critical point of A in the unit circle is at 1, and is of cubic 
type (the critical point is also a fixed point for A) . The following is a bidiniensional 
version of Lemma 6.2 in Section 6: 

Lemma 7.9. For each n > no there exist: 

• Sn> 1, 

• an S^- symmetric orientation-preserving diffeomorphism ipn '■ Pn{T,i) ^ 
Ag^ and 

• an S"^ -symmetric biholomorphism 0„ : A{As^) — ^ (G„oP„)(7^) such that: 

Gn = 4>n° Ao ?/)„ in PniTn)- 

The diffcomorphisms ?/;„ and (/)„ are called the coefficients of Gn in Pn {T,i) ■ 

Pn{fn) {GnOPn){fn) 



As^ A{AsJ 

Proof of Lemma 7.9. For each n> uq let Sn > 1 such that A{Ag^) is a 0-invariant 
annulus with: 

mod {A{AsJ) = mod ((G„ o P„) (?;)). 

In particular there exists a biholomorphism 0„ : A{As,J — > (G„ o P„)(7^i) that 
commutes with Q. Each 0„ preserves the unit circle and we can choose it such that 
= G„(l), that is, (/)„ takes the critical value of A into the critical value of G„. 

Since both G„ and A are three-fold branched coverings around their critical 
points and local diffcomorphisms away from them, the equation G„ = o A o 
induces an orientation-preserving diffeomorphism ipn ■ PniTn) ^s„i that 
commutes with Q and such that 1) — 1, that is, tpn takes the critical point of 
Gn into the one of A. The fact that ipn is smooth at 1 with non-vanishing derivative 
follows from the fact that the critical points of Gn and A have the same degree (see 
Lemma 6.2 in Section 6). □ 

Note that, at the beginning of the proof of Lemma 7.9, we have used the fact 
that the image under the Arnold map A of a small round annulus around the unit 
circle is also an annulus. This is true, even that A has a critical point in the unit 
circle (placed at 1, and being also a fixed point of A). Even more is true: the 
conformal modulus of the annulus A{As) depends continuously on s > 1 (and we 
also used this fact in the proof). The topological behaviour of the restriction of A 
to each round annulus Ag^ is the same as the restriction of the Blaschke product 

(1.3) to the annulus A'" U B[, as depicted in Figure 1 in the introduction of this 
article. 
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As we said, the idea in order to prove Proposition 7.8 is to perturb each dif- 
feomorphism ■(/)„ with Proposition 5.5. In order to control the C*^ size of those 
perturbations we will need some geometric control, that we state in four lemmas, 
before entering into the proof of Proposition 7.8. From Lemma 7.6 we have: 

Lemma 7.10. 

1 < inf {Rn} and sup {i?„} < +oo. 

">"o n>no 

Lemma 7.11. For all n > hq both Pn{Tn) and (Gn ° Pn){7n) are Q-invariant 
annulus with finite modulus. Moreover there exists a universal constant K > 1 
such that: ^ 

— < mod {Pn{T,i)) < K for all n > uq. 

Proof of Lemma 7.11. By Lemma 7.10 we know that R = sup„>„^{i?„} is finite, 
and since for all n > no both Pn{Tn) and {Gn o Pn)(Tn) are contained in the 
corresponding Ar^, we obtain at once that both Pn{Tn) and (G„ o Pn){%i) have 
finite modulus, and also that sup„>„^^ | mod (Pn(7^))} is finite. Just as in Lemma 

7.10, the fact that inf„>„|-, { mod {Pn{Tn)) } is positive follows from Lemma 7.4 and 
Lemma 7.6. □ 

Lemma 7.12. There exists a constant ro > 1 such that Arg C PniTn) for all 
n > no- 

Proof of Lemma 7.12. By the invariance with respect to the antiholomorphic invo- 
lution z I— > 1 /z, the unit circle is the core curve (the unique closed geodesic for the 
hyperbolic metric) of each annulus P„ (7^) . Since inf„>„„ { mod (P„ (T^i)) } > the 
statement is well-known, see for instance [34, Chapter 2, Theorem 2.5]. □ 

Lemma 7.13. We have: 

s = inf {Sn} > 1 and S = sup {Sn} < +oo. 

Proof of Lemma 7.13. Since = in Pn{Tn), we have |l/i^,„|loo ^ G\" in 
Pn{%i) for all n > no- By the geometric definition of quasiconformal homeomor- 
phisms (see for instance [30, Chapter I, Section 7]) we have: 

j mod (P„(r„)) < 21og(5„) < (^Y-^ j mod (P„(7;0) 
for all ri > rig, and we are done by Lemma 7.11. □ 
With this geometric control at hand, we are ready to prove Proposition 7.8: 

Proof of Proposition 7.8. Let tq > 1 given by Lemma 7.12 (recall that Arg C 
PniTn) for all n > no), and fix r € (l, (1 -I- ro)/2). How small r — 1 must be 
will be determined in the course of the argument (see Lemma 7.14 below). For any 
r G (1,(1 + ro)/2) consider r = tq - (r - 1) € ((l-f rn)/2, ro) . 
The sequence of S'^-symmetric diffeomorphisms 

{i^„ :A,,„ ^Vn(Ao )}„>„„ 

satisfy the hypothesis of Proposition 5.5 since: 

• /J,^^ — jjLQ^ in PniTn) and therefore ||^^„||oo < C'A" for all n > uq, and 
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• ipn{Aro) C As„ C As for all n> uq (see Lemma 7.13 above). 

Apply Proposition 5.5 to the bounded domain Ar, compactly contained in A^g, to 
obtain a sequence of 5 ^-symmetric biholomorphisms 

such that: 

llV'n - V'nllf^oj^^) < C'A" for all n > uq. 

Fix no big enough to have ^„(^,.) C As^, and note that we can suppose that each 
tpn fixes the point 1 (just as ■(/'„) by considering: 

Since |V'n(^)| !i S for all z d Ar and for all n> uq (where S G (1, +oo) is given by 

Lemma 7.13) and since '(/'n(l) — 1 < CA" for all n > uq, we know that this new 

map (that we will still denote by V'n to simplify) satisfy all the properties that we 
want for '0„, and also fixes the point z = 1. 

For each n > uq consider the holomorphic map : Ar ^ C defined by iJ„ = 
0„ o A o ■^jj. We have: 

• H^{Ar) C (G„ O P„) (fn) C 

• Hji is 5 ^-symmetric and therefore it preserves the unit circle. 

• When restricted to the unit circle, _ff„ produces a real-analytic critical circle 
map hn : ^ S^. 

• The unique critical point of _ff„ in Ar is the one in the unit circle, which is 
at P„(0) = 1, and is of cubic type. 

• The critical value of i/„ coincide with the one of G„, that is, i?„(l) = 

G„(i) e PnivnR). 

We divide in four lemmas the rest of the proof of Proposition 7.8. We need to 
prove first that, for a suitable r > 1, iJ„ is C° exponentially close to Gn in the 
annulus A^ (Lemma 7.14 below), and then that we can choose each with the 
desired combinatorics for its restriction /i„ to the unit circle (Lemma 7.15 below). 
This last perturbation will change the critical value of each 7J„ (it wont coincide 
any more with the one of G„). We will finish the proof of Proposition 7.8 with 
Lemma 7.16, that allow us to keep the critical point of iJ„ at the point P„(0) = 1, 
and to place the critical value of at the point gni^) for all n > uq. This will be 
important in the following subsection, the last one of this section. 

Lemma 7.14. There exists r E (l, (1 + ?'o)/2) such that in the annulus Ar we 
have: 

ll-ffn - G„||po(^^) < C"^" foralln>no. 

Proof of Lemma 7.14- The proof is divided in three claims: 

First claim: There exists /? > 1 such that Ap C A{As^) for all n > no- 
Indeed, by Lemma 7.13 the round annulus ^(i+s)/2 is compactly contained in 

As^ for all n > no, and therefore the annulus A(A(i_|_s)/2) is contained in ^(^5^) 

for all n > no- Thus we just take /? > 1 such that Ap C ^(^(i+s)/2) and the first 

claim is proved. 
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From now on wc fix a G (1, 

Second claim: There exists re (l.(l + ro)/2) close enougli to one in order to 
simultaneously have {A o ■0„)(y4j,) C Aa and {A o ?/j„)(j4,.) C A^ for all n > hq. 

Indeed, since A^ C Ar, ipn is holomorphic, and V'n(^r) C As^ C Ag for all 
n > no (where S S (1, +oo) is given by Lemma 7.13), we have by Cauchy derivative 

estimate that sup„>„^ ||'0n(-2^)| • ^ G is finite. Since each V'n preserves the unit 
circle, and since ||V'n ~ V'nllfjo^^ ) ^ CX" for all n > uq, the second claim is proved. 

Another way to prove the second claim is by noting that, since Aa C A/j C 
Ap C A{As,^) for all n> hq, the hyperbolic metric on any annulus A{As^) and the 
Euclidean metric are comparable in Aa with universal parameters, that is, there 
exists a constant K > 1 such that: 

(J^^ \z-w\< dA{As„)(z,w) < K\z-w\ 

for all z,w G Aa and for all n > hq, where dA(As ) denote the hyperbolic distance 
in the annulus A{As^) (this is well-known, see for instance [6, Section 1.4, Theorem 
4.3]). Since each A o -0„ : — > ^(^5^) is holomorphic and preserves the unit 
circle, we know by Schwarz lemma that for all z £ Ar and for all n > no we have: 



Was J {{A o ^n){z),S^) < dA^ {z, S^) 



where dA,. denote the hyperbolic distance in the annulus A^. Since all distances 
dA{As ) comparable with the Euclidean distance in Ag with universal parame- 
ters, we have for all z G and for all n > uq that: 



:((Ao^;„)(z),5i) <KdAjz,S^) 



where d is just the Euclidean distance in the plane. Fix r G (l, (1 + ro)/2) close 
enough to one in order to have that z € Ar implies dA^ {z, S^) < (and therefore 
(Ao'0„)(z) G Aa for all n > uq). Again since 1 1 V'n ~ V'n 1 1 ) — C'-^" for all n > hq, 
the second claim is proved. 

Third claim: There exists a positive number M such that |(/)'„ (z)| < AI for all 
z G Aa and for all n > hq. 

Indeed, recall that (j)n{A{As„)) = {Gn o Pn){Tn) C A^^ for all n > no- By 
Lemma 7.10 there exists a (finite) number A such that (f>n(^A{As„)) C 5(0, A) for 
all n > no- Since Aa C A/^ C Ap C A{As„) for all n > no, the third claim follows 
from Cauchy derivative estimate. 

With the three claims at hand. Lemma 7.14 follows. □ 

To control the combinatorics after perturbation we use the monotonicity of the 
rotation number: 

Lemma 7.15. Let f be a critical circle map and let g be a real-analytic critical 
circle map that extends holomorphically to the annulus: 

Afl. = |z G C : < |z| < i?l for some R>1. 
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There exists a real- analytic critical circle map h, with p{h) — p{f), also extending 
holomorphically to Aji, where we have: 

\\''-9\\co(A„) ^ C?cO(Si)(/,5)- 

In particular: 

dc-{s^) {h, g) < dc«(s^) (/, g) for any < r < oo. 

Proof of Lemma 7.15. Let F and G be the corresponding lifts of / and g to the 
real line satisfying: 

p{f) = lim ^ and p{q) = lim ^ . 

Consider the band Bj^ = {z G C : — logi? < 27r3(z) < logi?}, which is the uni- 
versal cover of the annulus An via the holomorphic covering z i— >■ e^'^*^. Let 
6 = GllcofR), and for any t in [-1, 1] let Gt : C defined as Gt = G + tS. 

Each Gt preserves the real line, and its restriction is the lift of a real-analytic criti- 
cal circle map. Moreover, each Gt commutes with unitary horizontal translation in 
Br. 

Note that \\Gt - G||c"(Sj,) = \t\S < \\F ~ G||co(r) for any t e [-1, 1]. Moreover 
for any a; e M the family {Gt{x)}^^^_^ is monotone in t, and we have G-i{x) < 
F{x) < Gi{x). In particular there exists to E [—1, 1] such that: 

lim ^^=p(F), 

n— >+oo n 

and we define h as the projection of Gt„ to the annulus Ar. □ 

After the perturbation given by Lemma 7.15 we still have the critical point of 
hn placed at 1, but its critical value is no longer placed at (?„(1) (however they 
are exponentially close). To finish the proof of Proposition 7.8 we need to fix 
this, without changing the combinatorics of hn in S^. Until now each i7„ is 5^- 
symmctric, in the sense that it commutes with z i— >■ 1/z in the annulus A^. We will 
loose this property in the following perturbation, which turns out to be the last 
one. 

Lemma 7.16. For each n > uq consider the (unique) Mobius transformation Mn 
which maps the unit disk D onto itself fixing the basepoint z = 1, and which maps 
Hn{\) to G„(l). Then there exists p G (1, f") such that Ap C M„(Aj.) for all n > uq. 
Moreover for each n > hq we have: 

II A/„ O ff„ O - GnWcO^A,) ^ 

Note that, when restricted to the unit circle, each Af„ gives rise to an orientation- 
preserving real-analytic diffeomorphism which is, as Lemma 7.16 indicates, C°°- 
exponentially close to the identity. 

Proof of Lemma 7.16. Consider the biholomorphism -0 : H — > D given by ^{z) ~ 

whose inverse tp~^ : D — > Ell is given by 'tp^^{z) = i (^i^f ^ • Note that tp maps 

the vertical geodesic {z G H : 5R(z) = 0} onto the interval (—1,1) in D. Since 
and 'ip~^ are Mobius transformations, both extend uniquely to corresponding 
biholomorphisms of the entire Riemann sphere. The extension of is a real-analytic 
diffeomorphism between the compactification of the real line and the unit circle. 
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which maps the point at infinity to the point z = 1. For each n > uq consider the 
real number t„ defined by: 



t 



Each tn is finite since for all n > uq both G„(l) and i?„(l) are not equal to one. 
Moreover we claim that: 

inf {|G„(1) - f|} > and inf {|iJ„(l) - l|} > . 

n>no n>no 

Indeed, since we have |-ffn(l) ~ G'„(l)| < CA" for all n > hq, is enough to prove 
that inf„>„(, { |G„(1) — 1| } > 0, and this follows by Lemma 7.6 since 1 = Pn(0) and 
G„(l) = P„(— 1) for all n > hq. In particular, again using \Hn{l) — G„(l)| < GA" 
for all n > Uq, we see that < GA" for all n > uq. From the explicit formula: 

we see that the pole of each Af„ is at the point z„ — l+i(2/t„), and since < GA" 
for all n > ng, we can take uq big enough to have that z„ e C \ -6(0, 2R), where 
R 

— sup„>„jj {i?n} < +00 is given by Lemma 7.10. A straightforward computation 
gives: 

(Af„ - Id) (z) = for all n > no, 




and therefore: 



\Mn - ^c?||co(^^) < C'A" for all n > uq. 



In particular for any fixed p G (!,?') we can choose uq big enough in order to have 
Ap C Mn{Ar) for all n> tiq. Moreover given any z e Ap we have: 

(M„ o i/„ o - G„) (z) = (M„ - /d) ((il„ o Af-i)(z)) + (iJ„ - G„) (z) 

+ (i?„(M-i(z)) -i7„(z)). 

In particular: 

||M„ o i7„ o - G„||^o(^^) < ||Af„ - "11^.0 + 11^" - G„||co(^^) 

Since IIn{Ar) C An and C C Aj^, the three terms ||A/„ — / , a \\^ 

\\Hn — Gn\\(jo(^j^ ) and ||Af^-'^ ^ ^'^llc''(yi ) ^^^^ "^1^^^ than GA" for all n>nQ. 

Finally, since each _ff„ is holomorphic and we have A^ C A^ and IIn{Ar) C 
(G„ o Pn){j'n) C ^_R„ C A/j for all n > noj we obtain from Cauchy derivative 
estimate that: 

sup [\\Hn\\cl^A^)} 
n>no ^ ^ ^ J 

is finite, and therefore: 

r-i 



□ 
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With Lemma 7.16 at hand we are done since (M„ o iJ„ o Af„ ^) (1) — G„(l). We 
have finished the proof of Proposition 7.8. □ 

7.3. The shadowing sequence. This is the final subsection of Section 7, which is 
devoted to proving Theorem D. Let us recall what we have done: in Subsection 7.1 
we constructed a suitable sequence {G'„}„>„,-| of 5'^-symmetric extensions of 
critical circle maps g„ to some annulus P„ (7^) . When lifted with the correspond- 
ing projection _P„ (also constructed in Subsection 7.1) each g„ gives rise to a 
critical commuting pair {rjn,£,n) exponentially close to TZ"{f) and having the same 
combinatorics at each step (moreover, with complex extensions C'^-exponentially 
close to the ones of 7?."(/) produced in Theorem 6.1, see Proposition 7.7 above for 
more properties). 

In Subsection 7.2 we perturbed each G„ in a definite annulus A^, in order to 
obtain a sequence of real-analytic critical circle maps, each of them having the same 
combinatorics as the corresponding TZ"{f), that extend to holomorphic maps 
exponentially close to G„ in Ar (see Proposition 7.8 above for more properties). 
Both the critical point and the critical value of each coincide with the ones of 
the corresponding G„, more precisely, the critical point of each _ff„ is at P„(0) — 
1 e Pn{Vi{n)) n 5\ and its critical value is at H„{1) = G„(l) e PniV) n ^ 
Pn{Br,{V)) n 5"^ RecaU also that H^iAr) C P„(T„) for all n > uq. 

In this subsection we lift each _ff„ : Ar — ?> Ar^ via the holomorphic projection 
Pn '■ Tn — >■ Ar^ in the canonical way: let a > such that for all n > uq we have 
that: 

7V„([-l,0])U7V„([0,f„(0)]) cf„, 

and that P„(iVa([— 1, 0]) U A^q ([0, i^„(0)])) is an annulus contained in Ar and con- 
taining the unit circle (the existence of such a is guaranteed by Lemma 7.4 and 
Lemma 7.6). Let us use the more compact notation Zi{n) — Na{[~l,0]) and 

Z2{n) = Na{[0,^n{0)]) ■ For each n > uq let rjn : Z2{n) Tn be the M-preserving 
holomorphic map defined by the two conditions: 

Hn ° Pn ^ Pn ° Vn m ^2(71), and ?7„(0) = -1 . 

In the same way let ^„ : Zi (n) — > 7^ be the M-preserving holomorphic map defined 
by the two conditions: 

HnoPn^PnO In m Zi(n), and e„(0) = Im . 



Z,{n)UZ2{n)cTn Tn 



Ar C Aji^^ 



Aj 



In the next proposition we summarize the main properties of this lift, which are all 
straightforward: 

Proposition 7.17 (The shadowing sequence). For each n > uq the pair /„ = 
{rjn,£,n) restricts to a real-analytic critical commuting pair with domains l{£,n) — 
[^n(0),0] = [-1,0] andl{7in) = [0,6^(0)] = [0,U0)], and such that p{fn) = 
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p{Vn,^n) = /"("^"(Z)) G K \ Q. Moreover S^n and rjn extend to holomorphic maps 
in Zi{n) and Z2{n) respectively where we have: 

• ^„ has a unique critical point in Ziin), which is at the origin and of cubic 
type. 

• rjn has a unique critical point in Z2{n), which is at the origin and of cubic 
type. 

S,n ^ / _ \ 5: CA" . 

C0(Zi(«)n*„(Xi(n))) 

• ll^"-^«llco(z.(„)n*„(J?.(n))) 

With Proposition 7.17 at hand, Theorem D fohows directly from the following 
consequence of Montel's theorem: 

Lemma 7.18. Let a be a constant in (0, 1) and let V be an ^-symmetric bounded 
topological disk such that [— C V. Let Wi and W2 be topological disks whose 
closure is contained in V and such that [—1,0] C Wi and [0,q;^^] C M^2- Denote 
by K. the set of all normalized real-analytic critical commuting pairs ^ = iViO 
satisfying the following three conditions: 

• n{0) = -1 and ^(0) € 

• a\v{[0,m])\ < |e([-l,0])| < a-i|77([0,?(0)])|, 

• Both ^ and rj extend to holomorphic maps ( with a unique cubic critical point 
at the origin) defined in Wi and W2 respectively, where we have: 

(1) N4^{[~l,0]))caWi); 

(2) N^{r,{[0,m])) (^viW2); 

(3) aWi)i)v{W2)cV. 

Then K. is -compact. 

8. Concluding remarks 

The set A C [0, 1] of de Faria and de Melo (see Theorem 2.1) is the set of rotation 
numbers p = [ao,ai, ...] satisfying the following three properties: 



lim sup — log Oj < 00 



lim — log a„ — 

n— ^00 n 
^ k+n 

- ^ loga, <c.,(- 

for all < n < A:, where u>p{t) is a positive function (that depends on the rotation 
number) defined for i > such that tujp{t) — > as i — >■ (for instante we can take 
Wp(t) = Cp{l — \ogt) where Cp > depends on the number). 

The set A obviously contains all rotation numbers of bounded type, and it has 
full Lebesgue measure in [0, 1] (see [12, Appendix C]). 

It is natural to ask: is there a condition on the rotation number equivalent to 
the C^"*"" rigidity? This is not clear even in the real-analytic setting. We remark 
that C^^" rigidity fails for some Diophantine rotation numbers (for instance with 
p=[2,2^22^...,22^...],see [12]). 
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As we said at the begining, it would be desirable to obtain Theorem B for 
critical circle maps with any irrational rotation number, but we have not been 
able to do this yet. The main difBculty is to control the distance of the successive 
renormalizations of two critical commuting pairs with a common unbounded type 
rotation number (compare Lemma 3.6). That is why we were able to prove that 
Theorem D implies Theorem C only for bounded type rotation numbers. 

If we can prove Theorem C for any irrational rotation number, then (by Theorem 
2.1) we can extend Theorem B to the full Lebesgue measure set A, and using 
Theorem 2.2 (with essentially the same arguments as in [5] to obtain exponential 
convergence in the metric) we would be able to obtain C^-rigidity for all rotation 
numbers. 

Another difficult problem is the following: what can be said, in terms of smooth 
rigidity, for maps with finitely many non-flat critical points? More precisely, let 
/ and g be two orientation preserving circle homeomorphisms with the same 
irrational rotation number, and with fc > 1 non-flat critical points of odd type. 
Denote by Sf = {ci, Ck] the critical set of /, by Sg — {c'^, c'j,} the critical set 
of g, and hy fif and fig their corresponding unique invariant measures. Beside the 
quantity and type of the critical points, new smooth conjugacy invariants appear: 
the condition fif([ci, Q+i]) = fig{[c'^, c^^^l) ^O'' * ^ {1, fc— 1} is necessary (and 
sufficient) in order to have a conjugacy that sends the critical points of / to the 
critical points of g (the only one that can be smooth) . Are those the unique smooth 
conjugacy invariants? 



In this appendix we prove Lemma 3.6, stated at the end of Section 3 and used 
in Section 4. For that we need the following fact: 

Lemma A.l. Let be maps with norm bounded by some constant 

B > 0, and let gi, be C*^ maps. Then: 



whereas the compositions makes sense. 

Proof. The proof goes by induction on n (when n = 1 we have nothing to prove). 
Suppose that: 



Appendix A. Proof of Lemma 3.6 




fn-l ° ■•• 



° fl- 9n-l O ••■ 




max 

ie{l,....n-l} 



{ 1 1 /j 5j 1 1 (70 } ■ 
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Then for any t: 

\{fn O •■• O fl- 9nO ■■■ O 9l){t)\ < |/n((/n-l O ••• O /l)(0) - ° •■• ° 5l)(i))| + 

+ |/ri((ffn-l O •■• Offl)(^)) - .9n((5Ti-l ° ■■■°9l){t))\ 

< B\{fn-i o ... o Ji- g„_i o ... o gi){t)\ + ||/„ - 5«||po 




max 

ie{l,...,n-l} ^ " 



I CO 



9n\ 



C° 



max {||/,; -5i|Uo} 



□ 

For K > \ and r e {0, 1, oo, w} recall from Section 3 that we denote by V^{K) 
the space of C" critical commuting pairs C, — {ti,£,) such that 77(0) = —1 (they are 
normalized) and ^(0) G [K^^,K]. 

Lemma A. 2. Given M e N, S > and K > 1 there exists L{M,B,K) > 1 with 
the following property: let ^ — (771,^1) and C,2 — {112, £,2) be two renormalizable 
critical commuting pairs satisfying the following five conditions: 

(1) Ci; 7^(Cl), C2 anc^7^(C2) belong toV^{K). 

(2) The continued fraction expansion of both rotation numbers p{Ci) and p(C2) 
have the same first term, say oq, with oq < M . More precisely: 



1 




1 


Ip(Ci)J 




[P{C2)\ 



ao e {1,...,M} 



(3) max{||77i||ci,||6llci} <S. 

(4) (771 o ^i)(0) and (772 o ^2)(0) have the same sign. 
(5) 



ki(0) -6(0)1 < 



K + 1 



^if2 J \K -l^ 
Then we have: 

rfo(7^(Cl),7^(C2)) <i-do(Ci,C2), 

where dg is the C*^ distance in the space of critical commuting pairs (see Section 
3.3). 

Proof. Suppose that both (771 o 6)(0) and (772 o 6)(0) are positive, and let V C M 
be the interval [O, max {(771 o 6)(0), (772 o 6)(0)}]. For a > denote by Tq the 
(unique) Mobius transformation that fixes —1 and 0, and maps a to 1. Note that 

Pa = a + a (t^) is the pole of T^. If a > K/{K + 2) then p„ ^ [l/K, K], and if 

a G [1/K,K/{K + 2)] then Pa - a > {^) (f^r)- I**^™ (5) in the hypothesis, 
and since Ci and (2 belong to V^{K) by Item (1), there exists Lq{K) > 1 such that: 

ll^«i(o)|lci(v) - ^0 ' 



T, 



?i(0) - %(o)||co(y) ^ ^o|Ci(0) - 6(0)1 < Lo ■ do(Ci, C2) : 
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H°{UO))'V2"{UO))\<Lo\7ira)-vra)\ and 

ll^i|lci([o,i]) - ^ohi|lci([o,5i(o)]) - 
where rji — T'^.(o) ° "rji ° -^^"(o) * ^ i^' -^i- Lemma A.l: 

hr(a(o))-%"°(6(o))| I E I ll^i-^2Lo([o,i]) 



Defining Li{M, B, K) = Ll (EjIo^ obtain: 

(6(0)) - ?72" (6(0)) I < • rfo(Ci, C2) . 

Therefore: 

\T^m{vT{Um-Tu^M'iUm\ < |7^6(o)(^r(Ci(0))) -r^,(o)(%"(6(o)))| 

+ |ra(o) (%° (6(0))) - Te,(o) (%"" (6(0))) I 

< io I Vi° (6 (0)) - (6 (0)) I + Lo • do (Ci , 6) 

< (Loii+Lo)-rfo(Ci,C2)- 
Defining L2{M, B, K) — LqLi + we obtain: 

(A.l) |Te,(o)(r?r(6(0))) -Tc,(o)(%°°(6(0)))| < i2 •do(Ci,6)- 

Moreover there exists L^{M^ B, K) > L2 with the following four properties: 

• From Item (1) in the hypothesis, both Mobius transformations: 

and also their inverses have norm bounded by in: 

W = [0, max {T^,(o) {vT (6 (0))) , T^^io) {vT (6(0))) }] ■ 

• Both Mobius transformations: 

are at C°-distance less or equal than L3 • (io(Cij C2) in (this follows from 
(A.l) and Item (1) in the hypothesis). 

• The same with their inverses, that is, both Mobius transformations: 

are at C°-distance less or equal than L^-do{C,i, C2) in [0, 1] (again this follows 
from (A.l) and Item (1) in the hypothesis). 

• The maps: 

T^iio)°Vi° °^i°T-^lo) and T^,(o) ^ Vi ° T'^lo) 

have norm bounded by L3 in [—1,0] and [0, 1] respectively (this follows 
from items (1), (2) and (3) in the hypothesis). 
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Note that for i = {1, 2} we have: 



T 



in [—1,0], and: 



in [0, 1]. By Lemma A.l and the four properties quoted above there exists L4{M, B, K) > 
L3 such that: 

(6(0)) ° ° ° (,^(0,) - (,,(0)) o o o T- ^^^^^^^ < 

< ^4max{||r,^^^^^^^^,^^^^^^^pr,^^^^^^^„„^^^^^^^^||^„, 

<L3i4-do(Cl,C2). 

in [—1, 0], and: 

< L4max{||r,^^^^^^^„„^^^^^^^^ " ^T,,<o, (0))) II 

'^"^^''^'^'II^T,!(o)(.r°(6(0)))"^7;Lo,('7?(6(0)))ll^''^ 
<L3i4-4(Cl,C2). 

in [0, 1]. Therefore we are done by taking L > □ 

Proof of Lemma 3. 6. Let / be a critical circle map with irrational rotation 
number p{f) = [oq, ai, a„, a„+i, ...], and recall that we are assuming that a„ < M 
for all n € N. Let no{f) g N given by the real bounds, and note that 72."(/) G 
V^{K) for all n>no since K > Kq by hypothesis and therefore V^{K) D V^{Ko). 
As a well-known corollary of the real bounds (see for instance [12, Theorem 3.1]) 
there exists a constant B > such that the sequence {7?."(/)}„gN is bounded in 
the metric by B, and we are done by taking L > 1 given by Lemma A. 2. □ 
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Appendix B. Proof of Proposition 5.5 
In this appendix we give the proof of Proposition 5.5 of Section 5: 

Proof of Proposition 5. 5. Assume that each /i„ is defined in the whole complex 
plane, just by extending as zero in the complement of the domain U, that is: 

/i„(z) dGn{z) = dGn{z) for a.e. z & U, and /x„(z) = for all z G C \ U. 

Fix n G N. If = we take Hn = G„|y, so assume that ||/.t„|joo > and fix 
some small £ G (0, 1 — ||/i„||oo)- Denote by A the open disk -B(0, (1 — £)/||Ai„||oo) 
centred at the origin Rnd. with rctdius (1 — £^)/||/^n||oo 

in the complex plane (note 
that D C A). Consider the one-parameter family of Beltrami coefficients {lJ.n{t)} 
defined by: 

Note that for ah t G A we have ||Mri(*)||oo < 1 - e < 1- Denote by /^"(*) 
the solution of the Beltrami equation with coefficient given by Theorem 

5.2, normalized to fix 0, 1 and oo. Note that /^"(o) is the identity and that, by 
uniqueness, there exists a biholomorphisni iJ„ : /^"(^^(C/) G„(C/) such that: 

By Ahlfors-Bers theorem (Theorem 5.4) we know that for any z G C the curve 
{/''"'*^(z) : i G [0, 1]} is smooth, that is, the derivative of /'^"(*) with respect to the 
parameter t exists at any z G C and any s G [0, 1]. Following Ahlfors [1, Chapter 
V, Section C], we use the notation: 



fn{z,s) 



lim 

t->o 



/^"("+*)(z) - /'^"(^)(z) 



t 



The limit exists for every z G C and every s G [0, 1] (actually for every s G A), 
and the convergence is uniform on compact sets of C. Then we have: 



C»(U) 



sup 

zeu 



{|/''"W(z)-z|} 



< sup 



|/„(z, s)\ds 



Moreover, /„ has the following integral representation (see [1, Chapter V, Section 
C, Theorem 5] for the explicit computation): 



/„(z,s) = - 



ix^{w) S{f^-^'Hw), r-^'H^)) [df^-'-'Hw))^ dxdy , 



for every z G C and every s G [0, 1], where w = x + iy and: 

1 z z - 1 z{z-l) 

S[w, z) = ' — 



w — z w — 1 w 
Since each /i„ is supported in U we have: 
1 



fn{z,s) 



From the formula: 



(9/^"(")(u') 



w{w — l)(w — z) 
^^nW S{f'^-'^'\w),f^"^''Hz)) (df^^-^'\w)f dxdy . 

det{Df^-'^^\w)) 

1 - |s|^|/i„(-io)|^ ' 
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we obtain: 



< 



< 



^ Vl-kPII/^nllL 

^ f ||m«Hoo 



1 - i^iIhiO 

det {Df''-^''\w))\S{f''"^''^w),ff'-^''\z))\dxdy 



\S{wJ''-'-'\z))\dxdy. 



//M„(.)(;7) 

Therefore the length of the curve : t £ [0, 1]} is less or equal than: 



1 

TT 

< 



/^n II oo 

"■Tilloo / ^0 



|S'(u;,/'^"(*)(z))|da;dy ds < 
|S'(w,/^"('')(z))|dxdy 



If we define: 

M„{U) 

we get: 



sup 
zeu I Jo 



/M„(.)(£/) 



|S'(w,/^"(")(z))|da;dy 



< 



1 - 



M„(C/). 



We have two remarks: 

First remark: since /i„ — in the unit ball of we know by Proposition 5.3 
that for any s £ [0, 1] the normalized quasiconformal homeomorphisms /^"(*) con- 
verge to the identity uniformly on compact sets of C, in particular on U. Therefore 
the sequence M„([/) converge to: 



— ) sup Iff \S(w, z) \ dxdij i < ( — I sup I / / \S(w, z) \ dxdy \ < 
T^JzeuiJJu '} K-^JzeuiJJc J 



For fixed z e C we have that S{w, z) is in L^(C) since it has simple poles at 0, 1 
and z, and is 0(|z«|""^) near oo. The finiteness follows then from the compactness 
of \J. 

Second remark: x i— )• — a;^) is an orientation-preserving real-analytic diffeo- 
morphism between (—1, 1) and the real line, which is tangent to the identity at the 
origin. In fact xj (1 — x^) ~ x^ o(x^) in (—1, 1). 

With this two remarks we obtain rii e N such that for all n > ni we have: 



where: 



M{U) 



2 

- I sup 



<M(C/)||/i„|U, 



\S(w, z) \ dxdy 



Since V is compactly contained in the bounded domain U, the boundaries dV 
and dU are disjoint compact sets. Let 5 > be its Euclidean distance, that is, 
S — d{dV,dU) = min{|z — w\ : z £ dVjW £ 9C/}. Again by Proposition 5.3 we 
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know, since /x„ — > 0, that there exists uq > ni in N such that for all n > no we 
have V C f'^"^^\U) and moreover: 

fi'"^^\U)D B{z,5/2) for all ^eF. 

If we consider the restriction of H„ to the domain V we have: 



\H„ 



(^n\\cO{V) — \\^n\\c°{V) 



CO{U) 



< ll^^^^llco(V)^(f^)ll/"n||oo- 

By Cauchy's derivative estimate we know that for all z gV: 



< 



J_ f H„iw) 
27ri JoB{z,S/2) {w - zf 

2||-^»||cO(/<'n(l)([/)) 

2||Gn||co((7) 



That is: 



211 

< —— for all n > no- 





< 



2R 



nncoiv) - d{dV,dU) 
and we obtain that for all n> no- 

\\Hn — G'n||po(y) / R 

||m«||oo - \d{dv,du) 

Therefore is enough to consider: 



for all n > no, 



sup 
Try zeu 



\S(w, \ dxdy 



□ 
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